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Abstract: The protonation/deprotonation reaction is one of the most fundamental processes in
solutions and biological systems. Compounds with dissociative functional groups change their
charge states by protonation/deprotonation. This change not only significantly alters the physical
properties of a compound itself, but also has a profound effect on the surrounding molecules. In
this paper, we review our recent developments of the methods for predicting the Ka, the equilibrium
constant for protonation reactions or acid dissociation reactions. The pKa, which is a logarithm of
Ka, is proportional to the reaction Gibbs energy of the protonation reaction, and the reaction free
energy can be determined by electronic structure calculations with solvation models. The charge of
the compound changes before and after protonation; therefore, the solvent effect plays an important
role in determining the reaction Gibbs energy. Here, we review two solvation models: the continuum
model, and the integral equation theory of molecular liquids. Furthermore, the reaction Gibbs energy
calculations for the protonation reactions require special attention to the handling of dissociated
protons. An efficient method for handling the free energy of dissociated protons will also be reviewed.
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1. Introduction

The protonation and deprotonation reactions of dissociative functional groups in
solvated compounds often play essential roles in chemical and biological processes, such
as solvation, protein–ligand binding, and the higher-order structure formation of pro-
teins. Such processes occur in complex environments, where the functional groups are
surrounded by other molecules, ions, and water. The equilibrium of the pronation and
deprotonation states is governed by the Gibbs energy change of the reaction; thus, it can be
stated that the process is fully thermodynamic.

The equilibrium constants of the protonation/deprotonation reaction, or the acid
dissociation reaction, Ka, or its logarithm, pKa, can be measured experimentally by titration
combined with pH electrode measurement, vibrational spectroscopy, neutron diffraction,
and nuclear magnetic resonance. However, experimental values are not always available;
hence, highly accurate prediction by computational means is most desirable [1].

Currently, one of the most successful methods for predicting the pKa values of amino
acids in proteins is PROPKA, an empirical method based on the three-dimensional (3D)
protein structure [2]. The method can estimate the pKa value, or the charged states of the
amino acids in target proteins, within a reasonable computational time and with accuracy.
However, to understand the mechanism of the protonation reactions and the pKa shifts
due to the environment, a nonempirical approach based on molecular theory is effective.
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An accurate estimation of the free-energy change in the protonation process is indis-
pensable for quantitative pKa prediction. Therefore, estimating the energy change before
and after dissociation using quantum chemistry calculations is a very effective approach.

In this paper, we review our recent developments of the computational methods for
predicting pKa values, which are based on quantum chemical electronic structure methods
combined with solvation models. Here, we review the methods employed. Specifically, we
review two different solvation models: the polarizable continuum model (PCM) and the
reference interaction site model (RISM) theories.

Quantum chemical calculations, such as density functional theory (DFT), can often
be used to avoid the computational parameter dependence. For the pKa values of small
compounds, a number of studies using quantum chemical calculations have been reported,
and the details of their accuracy are discussed in a review by Ho and Coote [3]. To es-
timate reliable pKa values, it is necessary to obtain the solvation free-energy difference
of the molecules in aqueous solution, due to acid dissociation, as accurately as possible.
Sprik and coworkers proposed a method for obtaining the free-energy profile due to acid
dissociation from DFT-based ab initio molecular dynamics (AIMD) simulations and suc-
cessfully obtained the pKa values of many compounds, including amino acids in aqueous
solution [4]. Although this method is highly accurate for pKa prediction, long computa-
tion times are required to obtain the solvation free-energy difference, thus indicating that
it is only applicable to small molecules. To avoid these high computational costs, it is,
therefore, essential to employ solvation free-energy calculation methods that are based on
static quantum chemical methods. Recently, combinations of various quantum chemical
calculation methods and the PCM have been explored in considering the solvent effects.
High-precision solvation free-energy calculations can be used to discuss deprotonation
trends in aqueous solutions [5–10]. The accuracy is in good agreement with experimental
values, as reported by Takano and Houk [11].

However, even in pKa calculations using the static DFT calculations with the PCM
model, one often encounters several problems when adopting the conventional methods.
One such problem is the choice of methodology (combinations of quantum chemical
calculation methods, basis functions, cavity models, and the parameters of the PCM), and
the error can vary greatly depending on the choice. An additional problem is that the
solvation free energies of similar molecules, having the same chemical groups, tend to have
correlations among them, while this rule is not applicable for all molecules. Because of
such a methodology and the chemical group dependence, the calculated pKa values scatter
toward the corresponding experimental values.

One of the root causes in this complex issue is the treatment of the proton’s solvation
free-energy value. Conventional methods adopt some reference value (e.g., values from
experimental values) and assume that it is a constant value in the calculation of the pKa
for any type of molecule. Unlike an arbitrary molecule, the solvation free energy of one
proton (H+), Gsolv

(
H+
)
, cannot be directly calculated because the proton has no electrons.

Instead, Gsolv
(
H+
)

is sometimes calculated from the dissociation of a proton from the
hydronium ion, H3O+, (Gsolv

(
H+
)
= Gsolv

(
H3O+

)
− Gsolv(H2O). The hydronium ion

is surrounded by many water molecules and forms a hydrogen-bonding network with
them; hence, it is desirable to use larger proton solvation clusters and/or other proton
exchange reactions involving protonated/deprotonated compounds, except for H2n+1O+

n
clusters. However, the computational costs increase exponentially when the size of the
clusters increases because of the vast configurations of the water clusters, as in the AIMD
calculations. Therefore, it is extremely difficult to obtain the solvation free energy of the
proton with high accuracy, which indicates that, in many cases, it has not been possible to
quantitatively reproduce pKa values.

In efforts to address the above, we have developed a methodology- and chemical-
group-dependent approach for the evaluation of pKa values using PCM-based meth-
ods [12–15]. This method refers to the experimental data of representative molecules with
specific chemical groups, such as COOH, OH (alcohol), OH (phenol), SH, and NH2, among
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others. As noted earlier, the Gsolv
(
H+
)

value depends strongly on the choice of method-
ology. Thus, the correction terms for the Gsolv

(
H+
)

value should be evaluated for each
methodology and chemical group considered. Our linear scaling scheme, mentioned in
Section 3.2, provided the error within 0.25 pKa units for standard PCM–DFT calculations.
The details of this scheme are reported later.

The success of the abovementioned method allows us to adopt other static solvation
models that differ from the PCM. The RISM theory is a statistical mechanics integral
equation theory of molecular liquids, derived from the density functional derivative of
the grand potential under a solute–solvent molecular pair interaction [16–19]. Unlike
the PCM, the theory now allows us to consider molecular interaction, such as hydrogen
bonding, which plays an important role in the acid dissociation reaction. In addition, the
analytical solvation free-energy formula is known and can be evaluated on the basis of the
first-principles approach. Although the computational cost is somewhat higher than that of
the PCM, it has, nonetheless, been used to analyze various chemical processes in solution
because of the above advantages. An extension of the RISM theory that is applicable to
highly complex molecules, such as proteins, is the so-called 3D-RISM theory [20–22]. The
latter can be derived from the six-dimensional molecular Ornstein–Zernike equation by
applying the interaction site model for solvent molecules. The hybrid methods of the RISM,
or the 3D-RISM theory with the quantum chemical electronic structure theory, are referred
to as the RISM self-consistent field (SCF), or as the 3D-RISM-SCF theories [23–25].

In this paper, we review two types of approaches that are based on the RISM-SCF/
3D-RISM-SCF theory: namely, the first-principles approach and the data-driven approach.
In their pioneering work, Sato and coworkers applied the first-principles approach for
measuring the pKw, which is the equilibrium constant of the autoionization reaction of
water [26,27]. Their method has been applied to studies of the pKa of various systems in
efforts to improve the accuracy. These studies have revealed that the most serious problem
to be addressed, namely, improving the accuracy, is the estimation of the free energy of
the dissociated protons. As mentioned above, Matsui et al. proposed a method to avoid
this difficulty by using a data-driven approach with the PCM method [14]. Fujiki et al.
extended their method by combining the 3D-RISM-SCF and Matsui’s method and achieved
quantitative accuracy of the predicted pKa values [28].

The organization of this review is as follows: Section 2 provides a general background
to pKa computation. In Sections 3 and 4, theoretical studies, based on the PCM and RISM,
respectively, are reviewed. In Section 5, we include a summary and offer some future
perspectives pertaining to computational pKa prediction.

2. Basics of pKa Computation

The pKa value is proportional to the Gibbs energy change of the protonation reaction,
or the acid dissociation reaction, ∆G, given by:

pKa =
∆G

(ln 10)RT
(1)

where R and T denote the gas constant and absolute temperature, respectively. The Gibbs
energy change, ∆G, is:

∆G = G
(
A−
)
+ G

(
H+
)
− G(HA) (2)

= ∆Ggas + ∆Gsolv
A− + ∆Gsolv

H+ − ∆Gsolv
HA (3)

where G
(
A−
)
, G(HA), and G

(
H+
)

denote the Gibbs energy of the unprotonated and
protonated states of an acid, A, and that of a dissociated proton, respectively (See Figure 1).
If we consider a thermodynamic cycle of the reaction, Equation (2) can be written as
Equation (3), using the gas-phase reaction Gibbs energy, ∆Ggas, and the solvation free
energy of the A−, H+, and HA, namely, ∆Gsolv

A−
, ∆Gsolv

H+ , ∆Gsolv
HA , respectively. These Gibbs

energy terms can be evaluated by quantum chemical electronic structure calculations,
such as the ab initio molecular orbital (MO) theory, or the Kohn–Sham DFT (KS-DFT).
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As mentioned earlier, since a compound/an acid, A, rearranges its electronic structure
because of the protonation/deprotonation, a precise treatment of the electronic structure
of the target compounds is highly anticipated. Furthermore, the solvent environment
surrounding the target compounds must be considered. The most popular way to take
solvent effects into account is to implement the PCM, one of the implicit solvation models,
which is implemented in all the popular quantum chemical software packages, such as
Gaussian and GAMESS. The computational methods employing the PCM will be reviewed
in Section 3. Other candidates applicable to the consideration of the solvent effects on the
electronic structure of solvated molecules are the integral equation theories of molecular
liquids, namely, the RISM and 3D-RISM theories, which allow us to treat the solvent effects
on the basis of the statistical mechanics theory on the molecular level, unlike the PCM. The
pKa computation method based on the RISM/3D-RISM will be reviewed in Section 4.
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Figure 1. Schematic description of thermodynamic cycle of the acid dissociation reaction.

3. Polarizable Continuum Model-Based Approach
3.1. Basics of the Polarizable Continuum Model

Among the methods that incorporate solvent effects, the dielectric model is a relatively
simple method that is installed in many quantum chemistry program packages. In this
section, we present a basic concept of the PCM for describing solvent effects and the results
using this model.

In the continuum model, a cavity is created around a molecule filled with a dielectric
medium with a dielectric constant, ε. We refer to the change in properties caused by this
effect as the “solvent effect”. This effect can be described as in Equation (4):

∆Gsolv = ∆Gelec + ∆Gcavity + ∆Gdispersion (4)

In this equation, the latter two terms are obtained by the empirical method obtained
from the volume/surface of a solute. For further details, see the following references by
Mennucci’s group and the references therein [29,30]. In the dielectric model, V(r) consists
of two types of potential. One is the electrostatic potential, VR from ρ(r). The other is the
reaction potential, Vσ, generated by the polarization emanating from the solvent molecules:

V(r) = VR(r) + Vσ(r) (5)

In the dielectric model, a vacancy in the form of a solute molecule is formed in a con-
tinuous dielectric, and the solute molecule is placed in the vacancy, using the polarization
surface charge density, σ(s), at the boundary of the vacancy. When d2 expresses an area
integral, Vσ(r) can be written as follows:

Vσ(r) =
∫

Γ
d2s

σ(s)
r− s

(6)

This surface integral is obtained by dividing the whole into smaller parts, Ak, and
finding the sum of them:

Vσ(r) ≈∑
k

σ(s)Ak
r− sk

= ∑
k

qk
r− sk

(7)
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The qk in Equation (7) depends on the overall charge, which is calculated from the
electrostatic potential obtained when the solute molecules are assumed to be in a vacuum. We
must consider the following equation to satisfy the boundary condition mentioned earlier:

σ(s) =
ε− 1
4πε

∂

∂n
(VR + Vσ)s (8)

where n is the unit vector of the normal vector at a point, s, on the surface, and the direction
is from inside the cavity to the outside. When we define the integral operator, D∗, the
above equation can be rewritten as follows:(

2π
ε + 1
ε− 1

I − D∗
)

σ(s) =
∂

∂n
(VR)s (9)

where I is the unit operator. The conductor-like screening model [5] is based on the idea that
the dielectric constant, ε, is now assumed, but, because of the effect of the solvent–solute
interaction, it does not actually shield the charge effect, as per the value of ε. In this model,
the following equation is assumed:

Sσ(s) = − f (ε)VR(s) =
∫

Γ

d2s′ 1
|s−s′ |σ(s

′)
(10)

The f (ε) in the following equation is an artificial function specific to this model:

f (ε) =
ε− 1
ε + x

(11)

where there is an arbitrariness in the value of x. In the PCM, x = 0 is used, and the model
is referred to as a conductor-like PCM. As an alternative to this type of shielding, one can
solve the integral equation by another method, the integral equation formulation of the
PCM [7]: (

2π
ε + 1
ε− 1

I −D
)

Sσ(s) = −(2π I − D)(VR)s (12)

By replacing each of these, we obtain what is called the PCM formation:

Tσ(s) = −RVR(s), (13)

Obtaining VR(s) is similar to the SCF calculations performed, where the interaction
energy, Vσ(r), is obtained by iteratively calculating σ(s) and then adding the energy of the
vacancy formation, etc., as an empirical value, to obtain the overall energy.

The calculation results are poor in many cases because of the addition of parameters
under the assumption of an ideal gas. The solvation model of Truhlar and coworkers
improved this term by calling it “cavitation”, “dispersion”, and “solvent structural ef-
fects” [31]. The most commonly used model is its density version (SMD, often referred to
as “PCM-SMD”). By setting the structural information of a molecule into a parameter, this
model reproduces the solvation energy of many types of solvents very well. Although the
other parts are based on the derivation method of the PCM, the SMD is the most frequently
used solvent model in quantum chemistry calculations.

3.2. The AKB Scheme

We now briefly summarize the “appropriate pKa estimation with benchmark molecules”
(AKB) scheme, the details of which were reported previously [14,32,33].

As noted earlier, the difference between the computed and observed pKa values
depends on the computational methods, such as the functional of DFT, the basis set,
and the cavity of the PCM method; hence, the error should be systematic within similar
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reactions. In computing the pKa with the AKB scheme, the Gibbs energy difference between
the reactant and the product is scaled by s as follows:

pKmodified
a =

s∆G
(ln 10)RT

=
s
{

Gsolv(A−)− Gsolv(HA)
}

(ln 10)RT
+

Gsolv(H+
)

(ln 10)RT
(14)

The scaling factor, s, corresponds not only to an activity coefficient of the deproto-
nation reaction, but also to an error correction for a given computational method. We
regard Gsolv

(
H+
)

and s as constants, both of which depend on the approximation levels.
Equation (14) then becomes:

pKmodified
a = k

{
Gsolv(A−)− Gsolv(HA)

}
+ C0 = k∆G0 + C0 (15)

where ∆G0 is defined as Gsolv(A−) − Gsolv(HA). Equation (15) results in an apparent
linear correlation between the ∆G0 and pKa values. Therefore, it is possible to compute an
unknown pKa by fitting k and C0 for reference molecules. We computed ∆G0 for several
compounds that have either COOH, OH (phenol), or NH2 (aniline) groups, and plotted
it with the experimental pKa values, where linear regression curves were estimated by
least-squares analysis (see Figure 2). The calculations by B3LYP/6-31++G(d, p) with the
PCM-SMD provide a good result, within 0.2 pKa units (mean absolute error) in aqueous
solution [32]. Note that, here, the slopes (k) for the COOH, OH (phenol), and NH2 (aniline)
groups differ from each other, indicating that the curves also exhibit the chemical-group
dependence. Once the linear regression curve is obtained, from Equation (14), one can
estimate the Gibbs energy of the proton in aqueous solution using the slope and the abscissa,
as follows:

Gsolv(H+
)
=

C0

k
(16)
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Figure 2. Example of linear fitting at B3LYP/6-31++G(d, p) + PCM-SMD level. Three chemical
groups (COOH, phenol, and aniline) were considered. R2 is the coefficient of determination.

The Gsolv(H+
)

for the COOH, OH (phenol), and NH2 (aniline) groups are 1115.71,
1065.32, and 1094.92 kJ/mol, respectively. This result indicates that, if one adopts the
same Gsolv(H+

)
value for evaluating the pKa values of these compounds, a large error is

obtained when using Equation (2). The AKB scheme complements the errors arising from
both a difference in the method and the chemical groups, simultaneously.

3.3. Some Applications of the AKB Scheme

The linear scaling method is a very powerful scheme because it enables us to compute
the pKa values for many compounds.
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3.3.1. Application to Salicylic Acid

Salicylic acid (2-hydroxybenzoic acid) has a COOH group and an OH (phenol) group;
hence, two different regioisomers exist (3- and 4-hydroxybenzoic acid) (see Figure 3).
Experimentally, the first pKa value of salicylic acid is lower than the values of benzoic acid
(pKa = 4.20) and phenol (pKa = 9.95) because the hydrogen bond between the neighboring
COO− and OH groups stabilizes the deprotonated compound. This detail is presumed
from the structures and experimental results, but it has not yet been accurately confirmed
by theory. Although salicylic acid has good analgesic action, it can simultaneously cause the
perforation of stomach ulcers as one of its adverse effects because of the low pKa. To reduce
the adverse effect while retaining the medicinal action, acetylsalicylic acid (commercially
known as aspirin) was synthesized. Here, we examine both the first and second pKa values
of the hydroxybenzoic acids, and the pKa value of the acetylsalicylic acid, to clarify the
relationship between the pKa and the structure of the conformers.
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For simplicity, we considered two conformations (Figure 3). Conformer (a) has a
hydrogen bond between the phenol and carboxyl groups, whereas conformer (b) does not
have any hydrogen bonds. Because of this difference, conformer (a) is more stable than
conformer (b), by 22.1 kJ/mol, at the computational level. Hence, in the case of the salicylic
acid, the existence of (b) is negligibly small, judging from the Boltzmann distribution.
Table 1 provides the calculated ∆G and pKa values for each conformer. It was found that
both of the pKa values for conformer (a) agree well with the experimental values: 2.97 and
13.4 [34]. However, the pKa values for conformer (b) are similar to those of the benzoic
acid (pKa = 4.20) and phenol (pKa = 9.95). This difference is ascribed to the effect of
the presence of a hydrogen bond in conformer (a). Specifically, the first deprotonated
compound is stabilized by the hydrogen bond in conformer (a), which decreases the pKa
value by 1.5 units in the first deprotonation and increases the pKa value by 2.5 units in
the second deprotonation. These results indicate how the hydrogen bond strongly affects
the pKa value in small molecules, such as those of the salicylic acid. Furthermore, to
understand this effect, we then examined (c) (aspirin), which has no explicit intramolecular
interaction (see Figure 3). The corresponding results are also shown in Table 1. Here, the
pKa values of the regioisomers differ from the value of the salicylic acid. Because of the
absence of an intramolecular hydrogen bond, the pKa values of these isomers are also
found to be close to the pKa values of each chemical group. In the case of aspirin, the
pKa value is lower than that of the benzoic acid, but higher than that of the salicylic acid.
Therefore, the neighboring acetyl group also affects the pKa of the COOH group through a
weaker hydrogen bond than that of the salicylic acid, or through a secondary hydrogen
bond via water molecules. Our scheme can also consider the effect of the acetylation,
compared with the salicylic acid alone, the effect of which is not fully treated in empirical
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approaches, such as PROPKA and H++. Our results demonstrate that our scheme is safely
and accurately applicable to the evaluation of the pKa of arbitrary molecules.

Table 1. Deprotonation Gibbs energy (in kJ/mol) and estimated pKa in each conformer of salicylic
acid. Numbers in parentheses indicate experimental values.

Compound ∆G0,a1 pKa1 ∆G0,a2 pKa2

(a) 1157.9 2.69 (2.97) 1271.4 13.29 (13.40)
(b) 1180.0 4.10 (2.97) 1232.1 10.76 (13.40)
(c) 1174.6 3.76 (3.49) - -

pKa1 is from the COOH group, and pKa2 is from the phenol group.

3.3.2. Solvent Dependence

We next investigated the solvent dependencies on pKa using various solvents [35–37].
Table 2 shows the results of the fitting and the estimated Gibbs energy of a proton of each
solvent molecule. Again, the AKB method provided very good results. Interestingly, the
experimental pKa value is very different because of the Gsolv(H+

)
for acetonitrile and

DMSO, which have similar dielectric constants. The same also applies to aniline. The
deprotonation Gibbs energy decreases as the dielectric constant decreases. This is why the
pKa values in THF are too low, even though the proton affinity of THF and acetonitrile is
similar. Conversely, in the case of acids, such as carboxylic acids, the deprotonation Gibbs
energy increases as the dielectric constant decreases. Table 2 shows the results for aniline.
There are two different experimental results for THF; therefore, two results from the AKB
scheme are independently shown. One of the problems associated with the AKB scheme is
that we are unable to judge whether the experimental results are reliable or not when there
is not much data available.

Table 2. Solvent dependence on the scaling factor, k, Gibbs energy of a proton, and mean absolute
error (MAE) in computing pKa for aniline derivatives. N indicates the samples of aniline derivatives
that have experimental pKa values for the solvents.

Solvent ε N Ref. k G (H+) MAE

Water 78.4 14 [35] 0.09641 −1094.9 0.38
Methanol 32.7 6 [35] 0.09454 −1080.5 0.19

DMSO 46.7 4 [35] 0.11580 −1112.2 0.22
Acetonitrile 36.0 9 [35] 0.10487 −1046.3 0.50

THF a 7.58 4 [36] 0.11712 −1066.4 0.19
THF b 7.58 7 [37] 0.05938 −988.7 0.42

Acetone b 20.7 5 [37] 0.06186 −1042.7 0.25
Nitromethane b 35.9 6 [37] 0.09395 −1048.2 0.23

a pKa is listed. b pKb is listed.

4. Integral Equation-Based Approach

In this section, computational methods based on integral equation theories, RISM,
and 3D-RISM, are reviewed. A comparison between the PCM-based method and the
3D-RISM-based method will also be discussed.

4.1. Basics of RISM-SCF and 3D-RISM-SCF

In this subsection, the basics of the RISM-SCF and 3D-RISM-SCF methods are ex-
plained. Since the formalisms of these two methods are very similar, that of RISM-SCF will
be explained first, followed by a brief description of the 3D-RISM-SCF formalism later.

Similar to the PCM, the total free energy of solvated molecules is given by:

G = Ggas + ∆Gsolv (17)
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where Ggas is the free energy of the molecule in an isolated system or gas phase, which is
evaluated as an expected value of the gas-phase Hamiltonian with respect to the solvated
wave function, Ggas = Ψsolute

∣∣Ĥgas |Ψ solute . It is noted that the Ψsolute is an eigen function
of the solvated Hamiltonian, which includes the solvent electrostatic potential as an external
field. ∆Gsolv is the solvation free energy, expressed by:

∆Gsolv = 4π ∑
i∈solute

∑
j∈solvent

ρj

∫ [
1
2
(
hij(r)

)2Θ
(
−hij(r)

)
− cij(r)−

1
2

hij(r)cij(r)
]

r2dr (18)

where ρj is the number density of the solvent site, j. The summations of i and j are running
over the interaction sites in the solute and solvent molecules, respectively. The hij(r) and
cij(r) are the total and direct correlation functions, evaluated by solving the RISM integral
equation. These are the function of the distance between two interaction sites, i and j. To
derive Equation (18), the Kovalenko–Hirata (KH) closure equation is employed [24,38]. If
one employs the hypernetted chain (HNC) closure, instead of the KH closure, the Heaviside
step function, Θ, is replaced by 1. The RISM/KH equation is solved under the following
solute–solvent interaction potential:

uij(r) = 4εij

[(
σij

r

)12
−
(

σij

r

)6
]
+

qiqj

r
(19)

where εij and σij are the Lennard–Jones parameters, with the usual meanings. qi and qj
denote point charges on the solute site, i, and solvent site, j, respectively. The solute point
charge, qi, is determined to reproduce the electrostatic potential, due to the solute electronic
structure, by the least-squares fitting method, known as the “restrained electrostatic poten-
tial” method. The solute wave function depends on the solvent distribution, which depends
on the solute wave function through the solute–solvent interaction potential. Therefore,
the quantum chemical electronic structure and the RISM calculations were performed until
the solute wave function and solvent distribution were unchanged iteratively.

In the case of the 3D-RISM-SCF, ∆Gsolv is given by:

∆Gsolv = ∑
j∈solvent

ρj

∫ [
1
2
(
hj(r)

)2Θ
(
−hj(r)

)
− cj(r)−

1
2

hj(r)cj(r)
]

dr (20)

where hj(r) and cj(r) are the total and direct correlations in 3D format, respectively. These
functions are obtained as the results of the 3D-RISM calculation coupled with the 3D-KH
closure. In contrast to the correlation functions of the RISM, the hj(r) in the 3D-RISM
is related to the special distribution of solvent species. The solute–solvent interaction
potential is given by:

uj(r) = ∑
i∈solute

4εij

[(
σij

r

)12
−
(

σij

r

)6
]
−
∫ |Ψsolute(r′)|

2qj

|r− r′| dr + ∑
i∈solute

Ziqj∣∣ri − rj
∣∣ (21)

where Ψsolute is the wave function of a solute molecule, and Zi is the nucleus charge of a
solute atom, i. Unlike the RISM case, the electrostatic potential, due to the solute molecule,
can be evaluated from the solute wave function directory, which is a great advantage of
the 3D-RISM-SCF theory over the RISM-SCF theory. Therefore, since the 3D-RISM can
incorporate anisotropic solvent distribution under the spatial distribution of solute electron
density, it is suitable for handling complex solutes, such as biomolecules.

4.2. First-Principles Calculation of pKa and pKw

The pKa can be determined by first-principles calculations, such as evaluating the
free energy of the reactant and the product species of the acid dissociation reaction using
RISM-SCF or 3D-RISM-SCF theories.
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The pioneering work using the first-principles calculation by the RISM-SCF was
performed by Sato et al. [27], who investigated the temperature and density dependences
of the pKw, where Kw is an equilibrium constant of the autoionization reaction of water:

2H2O � OH− + H3O+

They performed the RISM-SCF calculation of the pKw for a wide range of temperatures
and densities. Following them, Yoshida et al. [26] extended the range of the applications
of the temperature and density by using the KH closure, and also investigated the tem-
perature and density dependences of the pKw, including the supercritical region. Figure 4
shows the RISM-SCF results of the changes in the density and temperature dependences
of the pKw, ∆pKw(ρ, T) = pKw(ρ, T)− pKw

(
1.0 g cm−3, 273.15 K

)
, compared with exper-

imental results. The computational values show a qualitatively similar tendency with
the values of the experiments, namely, the ∆pKw decreases with increasing density and
temperature, although, quantitatively, there are significant deviations. A detailed analysis
of the free-energy components revealed the origin of these monotonical changes. The
behavior is essentially determined by the difference in the solvation free energy, which is
affected by two major effects: electrostatic stabilization and cavity formation. The balance
between them determines the change in the pKw.
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(b), respectively. These figures are reprinted with permission from [26].

Kido et al. performed first-principles calculations for the pKa of glycine using the
RISM-SCF extended to mixed solvent systems [39]. In this calculation, not only water,
but also self-dissociated OH− and H3O+ were considered as solvents, making it possible
to analyze the pH-dependent protonation state of glycine. Later, to further improve
the accuracy, Kido et al. applied and assessed the RISM-SCF spatial electron density
distribution (SEDD) method, which can take into account the spatial distribution of the
electron density in the solute–solvent interaction [40]. As shown in Equation (19), the
RISM-SCF requires the use of effective point charges for the solute–solvent interaction,
which is one of the reasons for errors. The restraint electrostatic potential (RESP) method is
usually used to determine the point charges, but it is known that the fitting accuracy of the
RESP deteriorates when “rich” basis functions, such as those used in accurate electronic
structure calculations, are required. The assessment by Kido et al. reveals that the RISM-
SCF-SEDD can perform accurate calculations using “rich” basis functions by considering
the spatial charge distribution.

A more straightforward way to consider the spatial charge distribution is to employ the
3D-RISM-SCF. As shown in Equation (21), the 3D-RISM-SCF can take into account the spa-
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tial distribution of the electron density derived from the solute wave function in the solute–
solvent interaction. Seno et al. [41,42] calculated the pKa of p-carboxybenzeneboronic acid
(PCBA), and its complex, with a monosaccharide, using the 3D-RISM-SCF, and clarified
the mechanism of a pKa shift due to complex formation. PCBA is a drug candidate used
in boron neutron capture therapy for skin cancer. The pKa change is utilized upon the
complex formation with monosaccharides to increase solubility.

In aqueous solution at physiological pH, PCBA exists in equilibrium as:
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pKa = pKa comp − pKa calib
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Table 3. Reaction free energies and pKa values for PCBA and its complex. This table is reprinted
with permission from [42].
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PCBA-complex− + 2H2O→PCBA-complex2− + H3O+ 31.22 22.9 6.5

a Experimental value taken from [41]. b Adjusted pKa values.
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As mentioned above, the RISM-SCF and the 3D-RISM-SCF can be used to calculate
the pKa using a first-principles method, and to understand the mechanism at the molecular
level. However, accuracy remains at a qualitative level, and corrections are necessary for
quantitative discussions.

4.3. Data-Driven Approach for pKa Prediction with 3D-RISM-SCF

As mentioned in the previous subsection, it was difficult to achieve quantitative accu-
racy in the first-principles pKa calculations of the RISM-SCF and the 3D-RISM-SCF. Possible
sources of the error include the accuracy of the empirical parameters used in the Lennard-
Jones potential, the functional and basis functions in the electronic structure calculations, and,
most seriously, the accuracy of the free-energy values of the dissociated protons.

A data-driven method, to avoid the calculation of the free energy of a proton and
to improve the quantitative accuracy, was proposed by Fujiki et al. [28]. This is an exten-
sion of the AKB method, proposed by Matsui et al. (explained in Section 3), to use the
3D-RISM-SCF method instead of the PCM [14]. Here, the method of Matsui et al. will be
referred to as the linear fitting correction (LFC) method, which is referred to as the AKB
method in Section 3. For the LFC method, the pKa is provided by Equation (14).

The parameters introduced here, k and C0, are determined by the data-learning
method. In this work, Fujiki et al. employed simple least-square fitting for the experimental
pKa values of training molecules. In this way, the free energy of a proton is buried in
the parameter, C0, and only ∆G0 is required by the 3D-RISM-SCF. Furthermore, errors
based on functional dependence and basis functions are mitigated by the parameter, s,
included in k and C0. Fujiki et al. determined these parameters by data learning for
each of the following functional groups: alcohol, amine, imidazole, thiol, phenol, and
carboxyl. Figure 6 compares the accuracy of the pKa of the LFC/3D-RISM-SCF, with the
pKa determined using the first-principles method, as described in the previous subsection.
On the one hand, the first-principles method shows a good correlation, qualitatively, but a
large error, quantitatively. On the other hand, quantitative accuracy was achieved with the
LFC/3D-RISM, enabling highly accurate prediction.
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The method employing the continuum model introduced in the previous section is
also capable of predicting the pKa with high accuracy. However, it is difficult to apply this
method to systems with strong heterogeneity, such as the inside of a protein, where it is
difficult to define the dielectric constant. By using the 3D-RISM-SCF, the solvent effects in
heterogeneous systems can be incorporated with high accuracy. The LFC/3D-RISM-SCF
method is, therefore, expected to be applicable to complex biomolecular systems.
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5. Summary

This review addresses computational methods used to evaluate pKa values that are
based on the first-principles quantum chemical electronic structure theory, coupled with
two different solvation models, the PCM and RISM/3D-RISM methods.

The strategy common to the methods presented in this review is the use of quantum
chemical electronic structure theory to determine the free-energy change of the deproto-
nation reaction of a target system. The most serious difficulty associated with achieving
quantitative accuracy is the estimation of the free energy of dissociated protons in solution.
To avoid this, the free energy of the dissociated proton was replaced by an empirical
parameter, using a linear relationship between the free-energy change and the actual pKa
value. The method proposed by Matsui et al. [28], which used the PCM as a solvent model,
was reviewed in detail. On the one hand, several studies reveal that it has both quantitative
accuracy and a reasonable computational cost. Their method was extended to the use of
the 3D-RISM as a solvent model by Fujiki et al. [28]. On the other hand, first-principles
computational methods that are without empirical parameters are also important. The
first-principles approach of the RISM/3D-RISM-SCF allows the qualitative prediction of
the pKa in various solution environments, such as with mixed solvents and in supercritical
conditions. In the future, it is expected that methods for the quantitative prediction of
the pKa in such complex solution environments will be developed on the basis of the
approaches reviewed in this paper.

Here, we mainly reviewed examples of research related to pKa prediction by the
authors’ group. Further developments of pKa prediction methods or theories are ongoing
within the science community, with a variety of approaches being used [1,2,43–48]. The
conductor-like screening model for real solvents (COSMO-RS) is one such method [49,50].
COSMO-RS-based methods have also been successfully applied to predict the pKa and pKb
for various systems, including proteins [51–54].

The prediction of the pKa is considered important for drug design and for under-
standing biomolecular functions; thus, computer-aided prediction methods will become
increasingly important. In order to predict the pKa of biomolecular systems, the electronic
structure theory for large-scale molecules, such as quantum mechanics/molecular mechan-
ics (QM/MM) or fragment molecular orbital (FMO) methods, has been introduced [55–58].
In addition, it is essential to consider the structural fluctuations of biomolecules, which
were not addressed in this review. Indeed, the Boltzmann average of the pKa values are, in
principle, evaluated for all possible conformations. However, it is quite time-consuming
and rather difficult to explore all of the stable structures for a given molecule, especially for
biomolecules. Therefore, an efficient structural sampling method based on molecular simu-
lation is necessary. The constant pH (CpH) MD is one such method, which is widely used
and equipped in major program packages [59,60]. By combining the methods described in
this review with CpHMD, it is expected that a method will be developed that describes the
changes in the electronic structure and that also takes structural fluctuations into account.
The development of such a method is in progress in the authors’ group. It is desirable that
we continue to improve the methods that can provide accuracy, computational speed, and
a detailed molecular picture.
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