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Abstract

The generalized Foldy-Wouthuysen (GFW) transformation was proposed as a
generic form that unifies four types of transformations in relativistic two-component
methods: unnormalized GFW(UN), and normalized form 1, form 2, and form 3 (GFW(-
N1), GFW(N2), and GFW(N3)). The GFW transformation covers a wide range of
transformations beyond the simple unitary transformation of the Dirac Hamiltonian,
allowing for the systematic classification of all existing two-component methods.
New two-component methods were also systematically derived based on the GFW
transformation. These various two-component methods were applied to hydrogen-
like and helium-like ions. Numerical errors in energy were evaluated and classified
into four types: the one-electron Hamiltonian approximation, the two-electron oper-
ator approximation, the newly defined “picture difference error (PDE),” and the error

in determining the transformation, and errors in multi-electron systems were dis-
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1 | INTRODUCTION

The importance of relativistic effects in understanding the chemical
properties of systems containing heavy and superheavy elements is
now well recognized. Relativistic effects on atoms and molecules are
naturally introduced by the formalism based on the Dirac equation. The
wave function, the solution of the Dirac equation, is a four-component
spinor, where the four components correspond to electrons and posi-
trons with up and down spins. The relativistic electronic structure
methods that use this four-component spinor as an orbital are known as
four-component methods. They can handle relativistic effects accu-
rately, but their computational cost is significant compared with nonrela-
tivistic (NR) methods. In the field of chemistry, we are often only
interested in solutions corresponding to electrons, and therefore it is
useful if the components corresponding to the up and down spins of

positrons can be separated. To date, two-component methods that

cussed based on this classification.

exact two-component (X2C) method, Foldy-Wouthuysen (FW) transformation, picture
difference error (PDE), relativistic two-component method

explicitly handle only the two components corresponding to the up and
down spins of electron were developed with this motivation. To effec-
tively reduce computational costs, some approximations are required in
the process of obtaining the two-component equation from the four-
component equation, and various two-component methods have
been developed for the different approximation types, including the
Breit-Pauli approximation (BPA),! the zeroth order regular approxima-
tion (ZORA),>™° the infinite order regular approximation (IORA) the
Douglas-Kroll method (DK; also known as the Douglas-Kroll-Hess
method (DKH)),”"** the infinite order two-component method (IOTC;
also known as the Barysz-Sadlej-Snijders method (BSS)),'®> and the
exact two-component method (X2C).16-1?

The method to obtain two-component equations from the four-
component equation is to apply a transformation that block-
diagonalizes the four-component Hamiltonian to the Hamiltonian and

the wave function. One such transformation is the Foldy-Wouthuysen
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(FW)?320-23 transformation, and some two-component methods can
be derived as approximations to this transformation. In addition, similar
transformations, such as unnormalized elimination of the small compo-
nent (UESC)*¢?* and normalized elimination of the small component
(NESC)*® have been proposed. However, there are also several two-
component methods that are not formulated as approximations of the
FW transformation, UESC, or NESC. A transformation that generalizes
the FW transformation, UESC, and NESC, systematically derives the
existing two-component methods under appropriate approximations,
and allows for systematic error analysis of the two-component
methods from the four-component methods would be useful. In the
present article, we present such a transformation, the generalized FW
(GFW) transformation.

The present article is structured as follows. In Section 2, the GFW
transformation for the one-electron Dirac Hamiltonian in operator and
matrix forms is introduced in subsection 2.1, existing and new two-
component Hamiltonians are classified using the GFW transformation in
subsection 2.2, and the GFW transformation for the two-electron opera-
tor is shown and existing two-component transformations for the two-
electron operator are classified in subsection 2.3. In Section 3, various
two-component methods based on the GFW transformation are applied
to a hydrogen-like ion and to helium-like ions, and the accuracy of these

methods is discussed. In Section 4, conclusions are presented.

2 | THEORY
21 | GFW transformation

The starting point of the discussion is the Dirac equation, the relativis-
tic wave equation of an electron:

Hp¥P = wCE, 1)

where the Hamiltonian is a 4 x 4 matrix operator:

~ V  c6-p
Hp = N 2
b [cc-p V72c2], )
and the wave function is a four-component spinor:
#°
wP = 3)
P

Here, the operators V and ¢s-p in Hp and the functions ¢P and 4P in

PP are two-component operators and spinors, respectively. The two-

component spinors ¢P and 4P in the electronic solutions are called

the large and small components, respectively.

The FW transformation.2320-23
~LL LS

OO — | o Hew @

rw Hew

with I:I,L:f,v = I:I,S::N =0 is widely known as the transformation that decou-
ples the four-component Dirac equation to a two-component equation.
Note that several different formulations are currently known as FW
transformations, and in this paper, we refer to Kutzelnigg's formulation
simply as “FW transformation?*2 to avoid readers' confusion. The FW
transformation ON and the operator Xin UN are operators satisfying

~ ot~

UN: Aabr —X o_ ’ 5)
Xo, o_

X¢pP =1°. (6)

The FW transformation UN consists of two steps, that is, the block-

diagonalization step UU and the renormalization step Qrw:

0|t X, )
X 1
Grw = ﬁ’) ;} (®)
with
o= (14%%) ", ©)
o =(1 +7<”")71/2. (10)
The spinor is transformed in the same manner:
0w — {@;ﬂ | a1

where only the upper two components remain from Equation (6). The

transformation is specified so that the transformed off-diagonal block

~sL .
Hp is null, and therefore X satisfies the following equation?32%:

—XV —Xco-pX+co-p+ (V —2c2)X=0. (12)

Equation (12) and the two-component equations resulting from the
FW transformation

FIFW(/]FW — d}FWE, (13)

when combined, are equivalent to the four-component Dirac equation

and are the basic equations of the two-component method, where

Hew <: H;N) and ¢™ are
Hrw =@, (V+cc -6)?+XTCG</[S
+X (V-22)X)a,, (14)

FW _ ~-1,D
P =w "¢
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It should be noted here that transformations have been previously
proposed that use the same operators as the FW transformation but

have different formulation. One of them is UESC%24:

HuescpVESC — gUESCE, (15)
Huesc =V + co - pX, ¢UF5C = P, (16)

another is NESC?é:
FinescpNESC — a\);ZQﬁNESCE’ (17)

Finesc =V +co-PX+X co-p+X (V—2c2)X, pNEC=¢P,  (18)

and yet another is the formulation by Heully et al.® which is also

known as the FW transformation:

HFW(HeuIIy)¢FW(HeUIly) _ qSFW(HeuIIy)E’ (19)
Hrw(Heuly) = @5 " (V +co- @AQ D, TV = 55710, (20)

The operator X in Equations (15)-(20) are all the same as X of the FW
transformation, determined from Equation (12).

These four decoupling methods of the Dirac Hamiltonian men-
tioned above, FW, UESC, NESC, and FW (Heully), have much in com-
mon and can be described in a common framework. However, several
existing two-component methods cannot be derived from this frame-
work. To describe such two-component methods in a single
framework, an additional transformation used along with the decou-
pling transformation is necessary. Thus, we introduce an additional

unitary transformation UG within the diagonal blocks:

~ [0, o
UG—|:O U] (21)

This transformation does not break the block-diagonality, and hence it
does not affect X already determined from Equation (12).
Incorporating the new additional transformation into the four

forms, FW, UESC, NESC, and FW (Heully), we propose a GFW

transformation:
~ % ~ o~ ~—1 ~ X ~ ~—1
(UGFWHDUGFW) (UGFW‘PD> = (UGFWUGFW> (UGFWTD)E' (22)
Here, according to the two options for the product representation of
UGFW, we have four choices
UGFW : UGFW = UN UG or UGFW = UU UG, (23)

and two possibilities for UZFW

CHEMISTRY

~X ~F ~X ~t
Ugrw = Ugrw O Ugew # Ugrw- (24)

The two-component wave equation resulting from these four GFW

transformations can be written in a common form:
Horw¢®™ = Serwgp®E, (25)

and when combined with Equation (12), they are equivalent to the
four-component Dirac equation and hence are the basic equations of
the two-component methods. Here,ﬁGFW and §GFW are the two-com-
ponent Hamiltonian and the normalization factor, respectively. Using
this normalization factor, we define the normalization condition:

<\PD|\PD> _ <¢GFW"S\GFW’¢GFW>' (26)

which means that the norm in the four-component method is pre-
served in the two-component method.

Let us examine the four forms more specifically. The first is the
transformation using the combination of UGFW = UUUG and
UEFW # U;FW, which we call “unnormalized form (UN).” Here, UéFW is

written as

Ugrw = OG- (27)

The resulting two-component wave equation of the GFW(UN) is

given by setting

~ ~ T S\ ~
Herw =Hun=U, (V+ co- pX) u.,
Serw=Sun=1,
$OW — gUN = U ¢°
=U,¢°,

in Equation (25). This form includes UESC*®?* as a special case,
UG =1. GFW(UN) is characterized by the fact that it does not satisfy

the normalization condition:

<\{,D|TD> _ <¢D‘a;2‘¢o>
_ <¢UN‘01612U+’¢UN> (29)
£ <¢UN‘§UN‘(/)UN>_

The second is the transformation using the combination of
Ugrw = UnUg and LAJ:;FW:ULFW, which we call “normalized form
1 (N1).” The resulting two-component wave equation of the
GFW(N1) is given by setting

Forw =Fna =0, (v+c<sﬁ)?ﬁ(*cc-aw?+ (V—ZCZ))A()E)+U+,
§GFW :§N1 Ei,

I ~-1
d)GFW — ¢N1 = U+(U+ ¢D,
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in Equation (25). This form includes the FW transformation as a
special case, UG =1, The GFW(N1) satisfies the normalization

condition:

(WP |0 — <(/)D &);2 (/)D>
= (4P)@:10.U,a"|¢°) (31)

:<¢N1‘§N1‘¢N1>.

The third is the transformation using the combination of
Usrw = UyUg and UéFW:ULFW, which we call “normalized form
2 (N2).” The resulting two-component wave equation of the
GFWI(N2) is given by setting

~ ~ ~F o~ ot W ~f NN
Horw =Fnz = U, (V-+co-BX+X co-p+X (V—2¢)X)U.,
Serw =Sn2 = U:@f Us, (32)

~t
¢GFW — 4)N2 = U+4)D,

in Equation (25). This form includes NESC?® as a special case, Ug = 1.
The GFW(N2) satisfies the normalization condition:

<\I;D‘\PD>: <¢D 5);2‘¢D>
=(4°|0.0.5:20.0,|¢°) (33)
_ <¢N2 ‘§N2‘¢N2>.

The fourth is the transformation using the combination of
Ugrw = UnUg and UéFW #*= UéSFW’ which we call “normalized form 3

(N3).” Here, Oépw is written as

PRI

~X ~F
Ugrw = UgUnUu. (34)

The resulting two-component wave equation of the GFW(N3) is given
by setting

~ ~ ~F S\~
Horw =Hna=U. 3" (V+c0 . pX) o Uy,
Serw =53 =1, (33)

~t s
GFW N3 _ ~-1,D
¢ =¢p=U, 0, ¢",

in Equation (25). This form includes FW (Heully)® as a special case,
UG —1.The GFWI(N3) satisfies the normalization condition:

<\IJD‘\I;D> _ <¢D)&\)12‘¢D>
= (4P@:10.U @ |¢°) (36)
_ <¢N3 ‘§N3‘¢N3>.

The GFW transformation can describe the existing two-compo-

nent methods by setting X and LA!+ properly. In some cases, however,

method-specific approximations may be necessary to achieve a full
match, such as truncation of a series expansion and Hermitization of

the Hamiltonian:

(ﬁ*’ +H)/2 (37)

The Hermitization is in effect for the GFW(UN) or GFW(N3), where
the resulting Hamiltonian may not be Hermitian.

In the last part of this subsection, we rewrite the GFW transfor-
mations in operator form into a matrix form, which has the strong
advantage of being directly implementable in the computational pro-
grams. The matrix form is a representation of equations by the basis
functions {|x)}, but in some cases, it differs from direct expression of
operators in matrices. For example, the matrix representation of )A(, a
key operator of the GFW transformation, differs from the direct

expression and is given by
_ -1 BX
(X)mfc;(T )MQ‘G pX‘y>. (38)
The two-component wave Equation (25) is rewritten in
matrix form:
HorwCo™" = Sgrw CSFYE, (39)
with
(Herw),,, = (u|Horw|v). (Sorw),, = (k[Scrwv).  (40)
Applying Equations (28), (30), (32), and (35) to Equations (39) and (40),
we obtain the two-component wave equation in matrix form for

GFW(UN), GFW(N1) GFW(N2), and GFW(N3), respectively. The

resulting two-component Hamiltonian and overlap matrices are

HN=U (V+TX)U,, SN =5, (41)

HV —UT Q! (\7+f)sz+u+, sN_s, (42)
HN2 U’ (\7+T) U, sV =uisu,, (43)
HW =uisQ 's (V+TX)Q.U., SN =s. (44)

Here, S, T, and V are the NR overlap, kinetic energy, external potential
matrices given by

(S) = {ule), (1), = (ulp?/2[v), (V),, = (IVIe), (45)

respectively. VP defined here is the matrix used to the relativistic cor-

rection of external potential, and given by
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(V?),, = (ulo-BVo-Blu). (46)
The matrices 's', f, and V are defined from X, S, T,V,and V* as

S S4_LXITX, T TXH X T XTX , V= V4L XTVPX, (47)
2c? 4¢2

and Q, and U, are the matrix representations of operators

@.,and U,:

@) =32(57),, @11 (48)

U), = Z; (s*l)ﬂl<zlﬁ+‘y>. (49)

Using the definitions in Equations (9), (47), and (48), Q. is explicitly
represented as

~ -1/2
Q, _g1/2 {571/25571/2] sz, (50)

The matrix representations for FW, UESC, NESC, and FW (Heully) are
given by Equations (41-44) with U, =1 applied, respectively. The nor-
malized modified FW (NMFW),2>

H _g1/zg 2 (g T)5 sz W s (51

is the case with U, :9115_1/251/2( # 1) applied in Equation (42) and

is not identical to the matrix representation of FW.

TABLE 1 Classification of existing two-component methods.
GFW type Approximation of X
NR UN LO
LO-NESC N2 LO
BPA N1 LO
ZORA UN RA
IORA N2 RA
RFW N1 RA
FORA UN RA and Equation (71)
NESC-SORA N2 RA and Equation (75)
RESC N3 Equation (55)
DK1 N1 fpFW
DKn(n>1) N1 Equation (61)
10TC N1 exact solution of Equation (12)
X2C N1 exact solution of Equation (12)

Series truncation

HEMISTRY

2.2 | Classification of two-component methods
using GFW transformation

In the previous subsection, we proposed a new GFW transformation. In
this subsection, we classify the various existing two-component methods
to the four-types of GFW transformation or approximations thereof.
Table 1 shows the classification of existing two-component methods. First,

consider the case U, =1. For X, several approximations are known.

One approximation for X is the “low-order (LO) approximation®2¢27:
s 1
X=—0-p. 52
5°°P (52)

For this )A(, if we use GFW(UN), we obtain the NR Schrodinger equa-
tion, and if we use GFW(N1) and truncate the Taylor series of the
Hamiltonian for 1/c at the second order (1/c2), we obtain BPA; if we
use GFW(N2), we obtain the low-order NESC (LO-NESC).242’
Another approximation for Xis “regular approximation (RA)”:

c ~

X=55—5 P (53)

For this )A(, if we use GFW(UN), GFW(N1), and GFW(N2), we obtain
ZORA,> RFW,® and IORA? respectively. GFW(N3) has not been
reported previously, and thus we obtained a new approximation,
which we named RA(N3). The methods, such as the newly derived
RA(N3) for method comparison in this work, are summarized in
Table 2. Here, although ZORA is based on GFW(UN), it gives a Hermi-
tian Hamiltonian. However, in general, RA(N3) can give a non-
Hermitian Hamiltonian, and we named the RA(N3) with Hermitization
in such a case “RA(N3)-H.” If we set V =0 in Equation (12) (the free
particle FW (fpFW)), we have another X:

<)
[a)

Hamiltonian Hermitization

-
-
aQ
N

< 1 1 1 1 1

L N O B e N S N )

1/c? only for (T);i,c?br

vn

)

)

Equation (62)
Equation (56)

1
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TABLE 2 Classification of newly derived two-component methods.
GFW Type Approximation ofX Series truncation Hamiltonian Hermitization 06
X2C(UN) UN exact solution of Equation (12) - X 1
X2C(N2) N2 exact solution of Equation (12) - - 1
X2C(N3) N3 exact solution of Equation (12) - X 1
X2C(UN)-H UN exact solution of Equation (12) - v 1
X2C(N3)-H N3 exact solution of Equation (12) - v 1
RA(N3) N3 RA - X 1
RA(N3)-H N3 RA - v 1
RESC-NH N3 Equation (55) 1/c2 only for g,;ligu X 1
)A(:ﬁs-ﬁ,ﬁz%,fp:\/c2ﬁ2+c4. (54) L L R
c2+E, 01 =AVo-pBA—ABo -pVA. (60)

For this X, if we use GFW(N1), we obtain the first-order Douglas-
Kroll method (DK1).” Furthermore, if we use the following X (which is
Equation (54) with additional terms)

X=Bo-p+c B Ve-p—c p %6 pVB P> (55)

and use GFW(N3), the relativistic scheme with small component elimi-
nation (RESC)?® is obtained. In RESC, as further approximations, the
second and third terms in rhs of Equation (55) are neglected in evalu-
ating @, and (7);1 in the Hamiltonian (Equation (35)), and Hermitiza-
tion (Equation (37)) is applied. We also considered RESC with no
Hermitization for comparison, which was named “RESC-NH.”

Next, consider the case of LAJ+ # 1. If we use X, the exact solution
of Equation (12), and following LAJ+:

_ . e a1 —1/2 o
0, = [A(1-BpY)arorcamorc (1~ ¥ PB)A| "A(1-BpY)aorc,
(56)
and use GFW(N1), we obtain IOTC.*® Here, A and @|oTC are
R Ep+c2 N —1/2
A=[Pog, @otc= (1+Y Y) | (57)
and Y is the solution of the nonlinear equation:
V=3 Ip) = (plp *s-pO
< Byt Ey !

1 m 1o on (58)
+p "6-pEic-pp Y—-YE,
+Y016-98 Vo) (P,

with
E1 =AVA+ABe-pVe - pBA, (59)

Moreover, if we use the following X and U+:

PO 2T ~1__p _~SL ~LL ~ sl N1
X=ABo-B(Up,+8 P 6-BUoxy ) (Uoiw —Bo-BUp) A 1+ (61)

0. = [A(Upsq ~Bo-3Ubx) (Ut~ Upnro-08)A]  A(Upiy—Bo-3Ux,).

(62)

g
. (63)
i 0

use GFW(N1), and truncate the transformed Hamiltonian up to the n-
th order of V, we obtain the n-th order DK (DKn).”~*# This truncation
is done based on the Taylor series of f(x) and W being k-th order

with

s o

=1

n—1
ODKn:HUi Ui—f(|:

with respect to V. Here, the function f(x) characterizes the variants of
DK and should satisfy

feOf(=x) =1, (64)

for U,- to be unitary. Several function forms have been proposed
(e.g., square root type function,” Cayley transform type,*?!
McWeeny choice,?’ exponential type,*° optimal unitary type®*) and
a general treatment!* that covers all the function forms is also
proposed. Each Wk are determined by the condition that the k-th
order terms of V in the LS-part of the transformed four-component
Hamiltonian cancel out. The low-order operators W1 and Wz can be
determined regardless of the choice of f(x) and they have a com-

mon form:

boip)

Wi =Y |p)—L(p'), 65
=3 e, (65)
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<P‘E1W1 - W1E1
E, +Ey

)

{®'l- (66)

W= Z Ip)
p.p'

On the other hand, Wk(k > 3) are different depending on the function
f(x). The DK2, DK3, and DK4 Hamiltonians are common®* regardless
of the choice of f(x), while the DKn (n25) Hamiltonians differ
depending on the choice of f(x).

In the following, we discuss the two-component methods that
were not mentioned in first half of this subsection; first-order regular
approximation (FORA), second-order regular approximation to NESC
(NESC-SORA), and X2C. It is more straightforward to consider these
methods in matrix form than in operator form. The starting point of

the discussion is the matrix form of Equations (52-54),

X=1, (67)
1 -1
— T \yP
X= <T 4C2v> Ty (68)
and
X=2c5"1B, (69)

respectively. Here, matrix B is defined by (B),, = </4|§\u). To enhance
the approximation of X in Equations (67-69), an X matrix that is closer
to the exact solution of Equation (12) needs to be adopted. The matrix
form can be used to systematically provide such X. In matrix form,

Equation (12) is written as

1 g1
X=Xo|1-55XS " (V+TX) (70)

)

where Xg is equal to X of Equation (68). One way to use Equation (70)

is to create a recurrence formula, for example,

X =Xo 1= o X8 (V4 TX) (71)

’

where X converges to the exact solution of Equation (70), unless it
diverges. Therefore, it is expected that a better approximation of X is
obtained from Xy by the recurrence formula. From the first step of

the recurrence relation (Equation (71)),

1 XoS™HV+TXo) (72)

X1=Xo Ifﬁ

)

is obtained. Substituting this X; into UESC vyields the FORA
Hamiltonian® after Hermitization (Equation (37)):

HFORA :% [(V4+TXy) + (V+X[T)]. (73)

Equation (70) is also transformed to another equivalent form:

C::;ﬂsmv ~WILEY-L#
1 =1/~ =
X=Xo {l—z—czxs (V+T)] (74)

This equation is similarly used to create a recurrence formula:
Xer1=Xo | 1- = X8 (V4T 75
k+1—0—@k<+>v (75)

X obtained from the first step of the recurrence relation (75) is

X, =Xo {If?

1 Xog(;l (\70 +T-o):| (76)

with

z 1 = ; - 1.
So= s+@ngxo, To=TXo+XT— X TXo, Vo =V+ 7%V,
(77)

and substituting X} into NESC yields the NESC-SORAZ® Hamiltonian.
Thus, both FORA and NESC-SORA are derived from the first step
of the recurrence relations. In this manner, the recurrence Equa-
tions (71) and (75) can be formally used to obtain X with sequential
approximation, but they can also be used to obtain the solution of
Equation (70) numerically by the iterative method. However, the con-
vergence of the recurrence Equations (71) and (75) is not good, and
special numerical processing is often required®® to make them
converge.

The solution of Equation (70) can also be obtained through
the direct diagonalization of the one-electron Hamiltonian and
such a scheme is called X2C.1*"'? The X2C scheme can also be
derived within the framework of the GFW transformation as fol-
lows. Using the basis function expansion by {|x)}, the matrix forms

of the Dirac Hamiltonian and the four-component overlap are

given by
Ho — { \'% 2cTx } (78)
2ckT kVPx —4c2kTk |,
and
So= [3 2.cOT.J , (79)
respectively, with
(6),, = 8/ /2T - (80)

By solving the generalized eigenvalue problem for the Hamiltonian

Hp, the eigenvector matrix

L L
¢ C (81)
ccl
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is obtained, where the eigenvectors with positive and negative energy
are divided between the left and right half columns, respectively. On

the other hand, the transformation GFW(N1) is represented in matrix

form as
.U, —c1s7ITXQ U
[(k)ixixmu+ S e , (82)
with
(@), =3(s7) o)
;L 1 5 (83)
W26, )

Assuming that the expressions in Equations (81) and (82) are equiva-

lent, two equations are obtained from the matrix correspondence:

<\ 1 N
X=—cT het(cic%) ciets, (84)

-1
X=2ekCSC!f (Ciet) (85)

The two X matrices determined from Equations (84) and (85) are iden-
tical. Equations (84) and (85) obtained from GFW(N1) are identical to

17719 indicating that

the equations shown in the original X2C papers,
the X2C method is actually derived in the framework of the
GFW transformation. The derivation based on the GFW transforma-
tion is straightforward, because the FW transformation only describes
the block diagonalization, whereas the GFW transformation can rep-
resent more general transformations, including full diagonalization.
This favorable feature of the GFW transformation allowed us a direct
comparison of Equations (81) and (82) to obtain Equations (84)
and (85).

The X matrix determined from Equation (84) (or Equation (85))
can also be applied to GFW(UN), GFW(N2), and GFW(N3). We refer
to GFW(UN), GFWI(N2), and GFW(N3) with Equation (84)
(or Equation (85)) and U, =1 applied as X2C(UN), X2C(N2), and X2C
(N3), respectively. Furthermore, we refer to the Hermitized X2C
(UN) and X2C(N3) as X2C(UN)-H and X2C(N3)-H, respectively. The
Hermitization is important because these transformations may lead to

non-Hermitian Hamiltonians.

23 | GFW transformation of two-electron

operator

For higher accuracy of the two-component methods, the transforma-
tions of the two-electron operator are essential as well as the one-
electron Hamiltonian. The two-component methods involving the
transformation of the two-electron operator have already been devel-
oped for BPA,®2 DK1,%3-3> DK2,3¢ DK3,%¢ and I0TC.%” Moreover,

without specification of X, the two-electron operator for NESC26:3°

has been developed. Here, the transformation of the two-electron

operator is discussed in the framework of the GFW transformation.
The two-component two-electron operator obtained by applying

the GFW transformation to the four-component two-electron Cou-

lomb interaction operator is

LS T T
§GFW(r1,r2):Z<RX“>(m> (R”’)(rz)) L ROk (ry)

XY |r1 - r2| )
(86)
~L(l) ~L(r) ~S(I ~s
where the transformation operators K (), K (r), K 0, and K 0 used in
Equation (86) are
~L() L)~
=K = U+,
N N (87)
S() _ KS(f) —0,
for GFW(UN),
~L) S -~
=K "=a.U,,
S AS() o~ o~ (88)
K =K =Xo.U.,
for GFW(N1),
~L) LD
K" =K "=U,,
~S() S o (89)
K=K =XU,,
for GFW(N2), and
~L(I ~
R =510,
RO_= 0 (90)
K "=o.U,,
(1 ~
KS() _ KS(r) -0,

for GFW(N3). The Hermitization can also be defined for two-electron
operators. Because only GFW(N3) gives a non-Hermitian two-

electron operator, the Hermitization is effective only for GFW(N3):

~ - /o, oo, \' 1 o s
GEFWNH )y == (K (r1)> (K (r2)> = KR (1)
4 ‘I’17I’2|
+ +
~L(l) ~L(r) 1 =L ~L(I)
+(Ke) (R R R )

+<RL(r)(r1)>T <RL(‘)(r2))T 1 RL“)(rl)RL(r)(rz)
; N

(91)

The two-electron operators of various two-component methods are
derived from Equation (86) by the same procedure as for the two-

component one-electron Hamiltonian. Take the U, =1 case as an
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example. Applying GFW(UN) and Equation (52) to Equation (86) yields

the NR approximation:

~NR 1
r,rp)=——— 92
8 " (ru,r2) orl, (92)

and applying GFW(N1) and Equation (52) to Equation (86) and trun-
cating the Taylor series for 1/c of the two-electron operator up to the
second order (1/c?) yield the BPA.

Let us consider the matrix form of the two-component two-
electron operator. The matrix representation of the two-electron
operator is the two-electron integral, which is given by

LS
GFW XDt Y Y
(@plyd)°™ =3 STRETKIT (XX KRN, (93)
XY uvip

where the bases |ut) and |u°) denote |u) and 6-plu), respectively.
The transformation matrices K9, K®, K0 and K5 are

L) _ kL) —
KS =K"=U,, (94)
KS( —KS0) g,
for GFW(UN),
KL — KL — g, U,
1 (95)
KS( — g :EX"’*U*'
for GFW(N1),
o (96)
1
Sty _ S _ L
K K 2CXU+,
for GFW(N2), and
K =s"e 15U,
K =@, U, (97)

K =K =,

for GFW(N3). In the matrix form, the NR approximation to the two-
component two-electron operator corresponds to the replacement of
(@plyd)°™ with (aplyo).

For multi-electron systems, even using the two-component
transformation of the two-electron operator discussed here and
applying the exact X in Equation (12) to the two-component transfor-
mation does not give the same results as the four-component method.
This is because Equation (12) is a condition for block diagonalization of the
one-electron Hamiltonian, in which the two-electron operator is not taken
into account. Such errors can be eliminated by applying a two-component
transformation to the Dirac-Fock operator instead of the one-electron

Hamiltonian in, for example, the Hartree-Fock method.>>%¢

CHEMISTRY

3 | NUMERICAL RESULTS
AND DISCUSSION

As shown in subsection 2.2, the GFW transformation framework sys-
tematically derives various existing two-component methods. In this
section, we numerically examine the accuracy of the approximations
of the various two-component methods described in the framework
of the GFW transformation.

3.1 | Calculations by a single Gaussian function

First, consider the calculation on a very simple model. We calculated
the energy of the hydrogen-like ion with nuclear charge Z =96 using
a single normalized s-type Gaussian functions: Nexp(fg“rz). The spe-
cific form of this “single Gaussian function” for the four-component

method is given by

NL

exp(‘crz)} N6 -p [exp(gﬁ)} (98)
0 : 0 :

where Nt and N° are the normalization constants. Figure 1 shows the
energy E plotted against the exponent ¢ of the Gaussian function. This
plot follows the method used in Refs.26,27 The vertical axis repre-
sents the modified logarithmic scale of E, and the horizontal axis rep-
resents the logarithmic scale of ¢.

Three important pieces of information can be observed from
Figure 1. First, the asymptotic behavior in the large ¢ region
indicates the p-dependent form of the kinetic energy. For a single
Gaussian function, the expectation value <p2> is 3¢, and in the large ¢
region, the kinetic energy is dominant in the total energy relative to
the nuclear attraction potential energy. Therefore, the behavior of
the curve in the large ¢ region represents the <p2> dependence of the
c2(p?) +c* —c?~\/3c?{. Because the
graph in Figure 1 is bi-logarithmic, the slope of the curve should be
1/2. This condition is not satisfied in the NR, BPA, FORA, and
LO-NESC approximations (Figure 1). Second, the existence of

relativistic kinetic energy

a minimum value indicates the possibility of a stable variational
calculation. The absence of a minimum value implies that the more
the Gaussian basis functions with larger exponents added, the
lower the total energy. Thus, the existence of the minimum value is
essential for the solution of the linear variational problem using
basis function expansion. The BPA, FORA, and LO-NESC approxi-
mations, which do not have the minimum value, are not suitable for
variational calculations (Figure 1). Third, the graphs give a rough
indication of the approximation accuracy of the methods. The four-
component method is the reference for the X2C methods. The
RESC curve deviates slightly from the four-component method
curve; the ZORA, IORA, and RFW curves are also good approxima-
tions of the four-component method curve. For the entire { region,
the NESC-SORA, DK, IOTC, and X2C closely follow the four-
component method curve. The IOTC and X2C theoretically give the
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FIGURE 1 Energy of a hydrogen-like ion (Z = 96) computed with FIGURE 2 Energy of a hydrogen-like ion (Z = 0) computed with a

a single Gaussian basis function. Curves that overlap due to the same
or close numerical values are represented by a single line.

same curve as the four-component method for the one-electron
system (Figure 1).

Figure 2 shows the results for the Z=0 case, that is, no external
potential V=0; ZORA is consistent with NR. The BPA and FORA
curves show divergence, which is due to the collapse of the Taylor
expansion (or the asymptotic expansion) for 1/c of the kinetic energy,
and IORA, RFW, LO-NESC, and NESC-SORA are also ill behaved. By
contrast, the RESC, DK, IOTC, and X2C curves are almost identical to
the four-component method curve; hence, the relativistic kinetic

energy is properly computed by these methods.

3.2 | Calculations by multiple Gaussian functions

3.21 | Hydrogen-like ion

Next, consider a hydrogen-like ion using multiple Gaussian functions.
We calculated the total energy of the hydrogen-like ion (Z = 100) using
even-tempered s orbital-type basis functions expanded with 45 Gaussian
functions.>” Both two- and four-component methods were used for
comparison. However, the two-component methods, which were shown
to be unsuitable for variational calculations (see Section 3.1), were
excluded. Table 3 shows the computed total energies and the square of
the norm (W°|¥P) defined by Equation (26). The forms satisfy the
normalization condition with the exception of GFW(UN), that is,
<‘PD|‘PD> =1 is always satisfied. The energies of X2C and IOTC are
identical to that obtained using the four-component method because
of the theoretical equivalence to the four-component method for
one-electron systems. Similarly, the energies of X2C(UN), X2C(N2),
and X2C(N3) are also identical to that obtained using the four-
component method. However, the X2C(UN) energy divided by
<‘PD|‘I’D>, that is, the normalized energy, has a difference of
939.1944 a.u. from the four-component method. By contrast, the nor-
malized ZORA energy (ZORA energy divided by <‘PD|‘I’D>) has a very

single Gaussian basis function. Curves that overlap due to the same or
close numerical values are represented by a single line.

TABLE 3 Energy and the square of the wave function norm
(Equation (26)) for the Z = 100 hydrogen-like ion.

Square of the norm

AE (a.u.) from E*c°mp2 (equation (26))

I0TC 0.0000 1
X2C 0.0000 1
X2C(UN) 0.0000 1.1878
X2C(N2) 0.0000 1
X2C(N3) 0.0000 1
X2C(UN)-H —123.9186 1.2312
X2C(N3)-H 0.0000 1
ZORA —1115.6115 1.1878
RFW —103.3898 1
IORA —103.3898 1
RA(N3) -1115.6115 1
RA(N3)-H —58242725.5868 1
NESC-SORA —140691.2280 1
RESC-NH 432.2560 1
RESC —202738.3711 1
DK1 —533.1619 1
DK2 33.0021 1
DK3 —3.1754 1

®The reference energy of the four-component method is
E4comP- — _5939.1935 a.u.

small difference of —0.0001a.u. from the four-component method,
but this improvement may be due to error cancelation. This is because
the energy of X2C(UN), which uses X with no approximation in one-
electron systems, is deteriorated by the normalization.

The total energies of RESC and RA(N3)-H (both approximations
of X2C(N3)-H) are extremely low and their errors are far beyond
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100%. By contrast, the total energy differences of RESC-NH and
RA(N3) from the four-component method (both approximations of
X2C(N3)) are 432.2560 and —1115.6115 a.u., respectively, and their
errors are within 20%. These results indicate that the Hermitization
(Equation (99)) of the X2C(N3) Hamiltonian after the approximation is
not effective. The NESC-SORA energies are also extremely low. This
poor performance is probably ascribed to the point-charge nucleus
model in the large atomic number region. In fact, the total energy
under the finite-size nuclear model is —5924.190743 a.u., which is
rather favorable. The truncation of the 1/c series in the BPA system
was such a poor approximation that it could not be used for varia-
tional calculations. By contrast, the energy differences for DK1, DK2,
and DK3 from the four-component method were —533.1619,
33.0021, and —3.1754 a.u., respectively, indicating that truncation did
not lead to poor behavior and provided rather good approximations.
These findings indicated that truncation of V was a good approxima-
tion, and truncation of a series itself was not necessarily a bad strat-
egy in deriving the two-component methods.

3.2.2 | Helium-like ions

Finally, consider many-electron systems. We performed Hartree-Fock
calculations for the helium-like ions (Z = 10, 20,...,130) using the basis
functions expanded by even-tempered s orbital-type 45 Gaussian
functions.®” In these calculations, the two-component methods, the
values of which collapsed in the previous subsection, were further
excluded. The GFW transformations were first applied and deter-
mined for the one-electron Hamiltonian, and then applied to the rela-
tivistic two-electron operator using Equation (93). The calculations
applying the NR approximation to the two-electron operator were
also performed for comparison.

Figure 3 shows the Hartree-Fock energy plotted against the
nuclear charge Z. The energies were adjusted so that the energy of
the four-component method represents the origin. The results for
NR/NR, DK1/NR, DK2/NR, DK3/NR, and IOTC/NR show that the
energy difference from the four-component method was greatly
reduced as the level of approximation for the one-electron Hamilto-
nian increased. At first glance, it appears that DK3/NR gave better
results than IOTC/NR, but it was due to the cancelation of the under-
estimated contribution from the one-electron Hamiltonian and the
overestimated contribution from the two-electron operator in
DK3/NR. In fact, IOTC/NR gave a better result at Z = 130, where the
relativistic effect was the largest. The results of IOTC/NR, IOTC/DK1,
I0TC/DK2, IOTC/DKS3, and IOTC/IOTC showed that the energy dif-
ference from the four-component method was also reduced as the
level of approximation for the two-electron operator increased. How-
ever, the effect was much smaller than for the one-electron Hamilto-
nian. Therefore, when selecting the approximation to be used for the
one-electron Hamiltonian and the two-electron operator, the one-
electron Hamiltonian approximation should be chosen preferentially.

The total energies of the helium-like ion with Z = 100 obtained
using several selected methods are shown in Table 4. IOTC/IOTC,

CHEMISTRY

~NR/NR
~DK1/NR
~DK2/NR
DK3/NR
IOTC/NR
~+|0TC/BPA
-|0TC/DK1
~+|0TC/DK2
=<|0TC/DK3
10TC/10TC

E4E4-comp. (a'u')

0 30 60 90 120
nuclear charge Z

FIGURE 3 Hartree-Fock total energy difference of helium-like
jions from the four-component method computed with several
selected two-component methods. The symbol A/B means (method
for one-electron Hamiltonian)/(method for two-electron operator).

X2C/X2C, and X2C(N2)/X2C(N2), in which the one-electron Hamilto-
nian and the two-electron operator were transformed by the same
method, gave identical energies. Although these three methods apply
the exact X in Equation (12), the error mentioned in the last paragraph
of Section 2.3 remains. In fact, IOTC/IOTC, X2C/X2C, and X2C(N2)/
X2C(N2) have quite a small but non-zero difference of —0.0035 a.u.
from the four-component method.

Let us consider the errors that arise when the two-electron oper-
ator approximation was changed to the NR approximation for IOTC/
IOTC, X2C/X2C, and X2C(N2)/X2C(N2), that is, IOTC/NR, X2C/NR,
and X2C(N2)/NR. In these cases, at first glance, it appears that the
only new error arising is the error from the NR approximation of
the two-electron operator. However, this does not explain the fact
that IOTC/NR, X2C/NR, and X2C(N2)/NR gave different total ener-
gies. The errors were 10.3692, 9.4853, and —23.6423 a.u., respec-
tively. This indicates that the NR approximation of the two-electron
operator introduced another new error in addition to the error directly
introduced by this approximation. This new error, which gave differ-
ent energies even when exact transformations for the one-electron
Hamiltonian and the common transformation for the two-electron
operator were used, was due to the difference of the transformations
applied to the one-electron Hamiltonian and the two-electron opera-
tor and can be viewed as picture change errors in the two-electron
operator with respect to the one-electron Hamiltonian picture. We
refer to these differences caused by the different transformations
between the one-electron Hamiltonian and the two-electron operator
as the “picture difference error (PDE).” The PDE always occurs when
the transformation methods used for the one- and two-electron inte-
grals are different. In particular, the PDE can occur even when any of
)A(, LAI+, and the GFW types are different. In fact, X2C/IOTC and IOTC/
X2C gave different total energies despite having the same X and
GFW type. Thus, PDE even resulted only from the U+ difference. The
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TABLE 4 Hartree-Fock energy of the Z = 100 helium-like ion by
several selected two-component methods.

Method? AE (a.u.) from E*<°mpb
I0TC/I0TC —0.0035
X2C/X2C —0.0035
X2C(N2)/X2C(N2) —0.0035
X2C/I0TC —0.6734
10TC/X2C 0.6772
I0TC/DK3 0.1065
I0TC/DK2 0.0964
I0TC/DK1 2.3386
I0TC/BPA —25.5287
IOTC/NR 10.3692
X2C/NR 9.4853
X2C(N2)/NR —23.6423
ZORA/NR —2215.8968
RFW/NR —196.5770
IORA/NR —225.4527
DK3/NR 4.0459
DK2/NR 75.7278
DK1/NR —1045.3359

“The symbol A/B means (method for one-electron Hamiltonian)/(method
for two-electron operator).

PThe reference total energy of the four-component method is

E4eomP- — _11796.8563 a.u.

PDE lead a larger error (—0.6734 a.u. for X2C/IOTC and 0.6772a.u.
for IOTC/X2C) than the approximation for determining X without
considering the two-electron operator (—0.0035 a.u. for IOTC/IOTC
and X2C/X2C).

The effect on accuracy of the two-electron operator Hermiti-
zation was not examined in this paper, but the following consider-
ations predict that the two-electron operator Hermitization has a
negative impact on accuracy. The two-electron operator Hermiti-
zation is necessary only for GFW(N3), and to prevent PDE, Her-
mitization is also necessary for the one-electron Hamiltonian.
However, we have seen that Hermitization is not a good treat-
ment for approximating a two-component transformation of the
one-electron Hamiltonian. Moreover, there is no practical reason
to actively use X2C(N3) instead of X2C or X2C(N2) for the one-
electron Hamiltonian. Thus, it is theoretically predicted that the
Hermitization of the two-electron operator and PDE prevention

are incompatible.

4 | SUMMARY

We have proposed the GFW transformation, which is a generalization
of the FW transformation for the Dirac Hamiltonian. The GFW trans-
formation is a generic term for four types of transformations (the

combinations of unitary/nonunitary and Hermitian/non-Hermitian
transformations) and includes an additional transformation rotating
only positive energy orbitals. This transformation form can express all
existing two-component methods. We showed that the existing two-
component methods are derived from the GFW-transformed Hamilto-
nian and furthermore systematically derived two-component methods
that have not been previously derived based on this transformation.

We then applied various two-component methods to the
hydrogen-like ion (Z = 100) and the helium-like ions (Z = 10, 20, ...,
130) and systematically evaluated the numerical errors in the two-
component method by organizing the approximations based on the
GFW transformation. The results showed that the errors of the two-
component methods could be classified as follows:

1. An error due to the approximation of the one-electron Hamiltonian
transformation, resulting from (a) the approximation of )A(, (b) series
truncation, or (c) Hamiltonian Hermitization,

2. an error due to the approximation of the two-electron operator
transformation, resulting from (a) the approximation of X, (b) series
truncation, and (c) Hamiltonian Hermitization,

3. the PDE, and

4. the error from the determination of the transformation using only

the one-electron Hamiltonian.

The additional transformation LAJ+ in the GFW transformation
does not directly affect the accuracy of the two-component methods.
To reduce the error in the transformed one-electron Hamiltonian and
ensure high accuracy of the two-component methods, it is required
that the methods have correct relativistic kinetic energy when the
potential is zero. The LO-NESC, BPA, and RA methods do not satisfy
this requirement. Furthermore, the Hermitization of non-Hermitian
Hamiltonians amplifies the approximation error in X.

The accuracy of the approximation for multi-electron systems is
mostly determined by the transformation applied to the one-electron
Hamiltonian. By contrast, applying a high-accuracy method to the
two-electron operator has little effect when a low-accuracy method is
applied to the one-electron Hamiltonian. Different transformations
for the one-electron Hamiltonian and the two-electron operator result
in PDE and, in some cases, produce not a small error. When two dif-
ferent methods are used unavoidably, it should be noted that PDE
occurs. The fourth error in the aforementioned classification resulting
from the transformation to the two components by the one-electron
Hamiltonian is quite smaller compared with errors 1-3.

In conclusion, the GFW transformation is a powerful tool that can
represent all existing two-component methods and can be used to
systematically derive new two-component methods. In the future, it is
expected to be applicable to the analysis of two-component method
calculations for practical molecules with a large number of atoms.
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