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A complete active space self-consistent field~SCF! wave function is transformed into a valence
bond type representation built from nonorthogonal orbitals, each strongly localized on a single atom.
Nonorthogonal complete active space SCF orbitals are constructed by Ruedenberg’s projected
localization procedure so that they have maximal overlaps with the corresponding minimum basis
set of atomic orbitals of the free-atoms. The valence bond structures which are composed of such
nonorthogonal quasiatomic orbitals constitute the wave function closest to the concept of the oldest
and most simple valence bond method. The method is applied to benzene, butadiene, hydrogen, and
methane molecules and compared to the previously proposed complete active space valence bond
approach with orthogonal orbitals. The results demonstrate the validity of the method as a powerful
tool for describing the electronic structure of various molecules. ©1997 American Institute of
Physics.@S0021-9606~97!01647-4#
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I. INTRODUCTION

In a previous publication,1 a method was outlined fo
determining the complete active space valence b
~CASVB! wave functions. They are obtained simply b
transforming a canonical complete active space s
consistent field~CASSCF! function2 and are readily inter-
preted in terms of the well-known classical valence bo
~VB! resonance structures. The method is applied to
ground and excited states of benzene, butadiene, and
ground state of methane. CASVB affords a clear view of
wave functions for the various states and forms a us
bridge from molecular orbital~MO! theory to the familiar
concepts of chemists. CASVB provides greater insight th
delocalized MO-based methods, yet the methods are com
mentary, each one providing different perspectives that a
from identical total densities and total energies.

The CASSCF~Ref. 2! or full optimized reaction space
~FORS! ~Ref. 3! method is an attempt to generalize t
Hartree–Fock~HF! model to situations where the stat
specific nondynamical correlation is important, while kee
ing the conceptual simplicity of the HF model as much
possible. It is size-consistent and the wave function is inv
ant to linear transformations among active orbitals. Althou
CASSCF does not include dynamical correlation, it can e
ily be taken into account by a CASSCF-based perturba
theory, such as CASPT2 by Rooset al.4 and our multirefer-
ence Mo” ller–Plesset theory~MRMP!.5

In the previous treatment, we determined the atomicl
localized MO’s ~LMO’s! by a unitary transformation with
Boy’s localization procedure.6 LMO’s obtained in this man-
ner nearly always turn out to be well localized on a sin
atomic center. Each LMO resembles the atomiclike functi
Although very atomic in nature, LMO’s are still MO’s an
therefore these LMO’s are orthogonal. The localized MO
possess small tails on the other atoms in order to main
their orthogonality to each other. The classical VB functi
is a linear combination of configuration state functions of V
9966 J. Chem. Phys. 107 (23), 15 December 1997 0021-9606
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type constructed with tailless orbitals, each purely localiz
on a single center. Thus, the less atomiclike the locali
orbitals become, the greater the difference will be betwe
this approach and a conventional VB calculation. A CASV
representation with orthogonal LMO’s tends to introduce
somewhat greater degree of mixing of ionic structures, e
for states having largely covalent character. The requirem
for ionic structures arises mainly from the orthogonality co
straints. Ohanessian and Hiberty7 studied critically the use of
orthogonalized atomic orbitals~AO’s! in VB type wave
functions and concluded that VB with orthogonal orbita
places a higher weight on ionic structures than when non
thogonal orbitals are used.

The invariance of the CASSCF~FORS! wave function to
linear transformations among active orbitals has inspire
number of localization schemes,8,9 analogous to those use
for single determinantal SCF wave functions.6,10 Ruedenberg
et al.8 have shown that CASSCF active orbitals can be c
sen as being so strongly localized that they are almost id
tical with the minimal basis set of the SCF AO’s of the fre
atoms. This involves the projection of the canonical FO
MO onto the atomic basis, followed by symmetric orthog
nalization of the resulting projections. They call the pr
jected localized FORS MO’s as the ‘‘atom-adapted mi
mum FORS MO’s.’’ McDouall and Robb9 have proposed an
intrinsic localization procedure for active CASSCF orbita
The CASSCF wave function obtained using these locali
active orbitals corresponds to a full VB calculations whe
the VB structures are built from orthogonal quasiatomic
bitals.

Nonorthogonal orbitals have also been used to exp
the CASSCF wave functions in terms of the VB structur
In 1987, McDouall and Robb11 have shown the transforma
tion of the CASSCF wave function to the spin-coupled~SC!
VB wave function of Gerrattet al.12 The orthogonal local-
ized orbitals obtained by the intrinsic localization procedu9

are transformed to nonorthogonal orbitals by orbital rotatio
among CASSCF active orbitals. Thorsteinssonet al.13 also
/97/107(23)/9966/9/$10.00 © 1997 American Institute of Physics
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9967Hirao, Nakano, and Nakayama: Complete active space valence bond method
investigated the transformations of CASSCF functions
modern VB representations~they also call it CASVB!. They
examined transformations for which the total wave funct
is dominated by covalent structures built from a comm
product of nonorthogonal orbitals.

Any full CI wave function is invariant under linear trans
formations of the defining orbitals, and we may choose
transform the orbitals to a nonorthogonal set that is simila
those which arise in classical VB theory. The method
develop in this paper can be defined as a CASVB wave fu
tion built from nonorthogonal orbitals each strongly loca
ized on a single atom. The nonorthogonal LMO’s are de
mined following to Ruedenberg’s suggestion so that th
have the maximal overlap with the minimal basis set of AO
of the free atoms.8 The VB structures composed of suc
nonorthogonal quasiatomic orbitals are expected to con
tute wave functions that are closest to the concept of
oldest and most simple VB method.

In Sec. II we will describe in more detail how to obta
the CASVB functions with nonorthogonal orbitals. Applic
tions to benzene, butadiene, hydrogen, and methane
ecules are discussed in Sec. III. A summary is given in
final section.

II. CASVB METHOD WITH NONORTHOGONAL
ORBITALS

The details of the CASVB method with orthogonal o
bitals have been given in the previous publication.1 Here we
will give a brief survey of the main features. We first car
out a standard CASSCF calculation. The CASSCF w
function is invariant against unitary transformations amo
active orbitals. Making use of this arbitrariness, we can c
struct LMO’s. The LMO’s are nearly always well localize
on a single atomic center with small localization tails on
the neighboring atoms. Then the bonded functions with
Rumer spin eigenfunctions based on these LMO’s are c
structed and a full CI is performed within the active spa
spanned by the bonded functions. That is, the CASSCF fu
tion is projected onto the space spanned by the VB functio
The total energies and total densities are, of course, iden
to those of the canonical CASSCF. The Rumer spin fu
tions are linearly independent but nonorthogonal to e
other. These are specified by the branching diagram or
standard Young tableaux. There is a one-to-one corres
dence between the spin couplings specified by the stan
Young tableaux or the branching diagram symbols and
covalent VB structures.

The relative weight~the occupation number! nI for the
VB structure I is defined as

nI5CISJSIJCJ ,

where the sum goes over all the VB structures. TheCI is the
coefficient of the VB structureI andSIJ is the overlap inte-
gral between structuresI andJ. ThenI ’s add up to 1,

S InI51.
J. Chem. Phys., Vol. 107, N
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ThenI ’s give an estimate of the importance of the VB stru
ture. This is the outline of the CASVB method with orthog
nal LMO’s.

Now let us consider the case of nonorthogonal LMO
What is a criterion for choosing a nonorthogonal set? It
desirable to have some well-defined criterion for the tra
formation of the CASSCF orbitals to LMO’s that are simil
to those which arise in VB theory. The canonical M
method puts electrons into orthogonal delocalized MO
while the VB method puts electrons into nonorthogon
AO’s. Thus, we will employ Ruedenberg’s procedure of pr
jected localized MO’s ~Ref. 8! and obtain quasiatomic
CASSCF MO’s which have maximal overlaps with the min
mum basis of AO’s of the free atoms.

Let P be the projection operator constructed
CASSCF active orbitalsw i ,

P5S i uw i&^w i u.

Consider a free-atom minimum basis set of AO’s,xA , cen-
tered on a nucleusA. Diagonalizing

PuxA&^xAuP,

and choosing the eigenvector with the largest eigenva
gives the LMO,lA , which has the maximum overlap wit
xA . Similarly we can definelB ,lC ,... . The$lm% obtained
in this manner are nonorthogonal to each other. Ruedenb8

orthogonalized these atom-adapted LMO’s but we are w
ing to abandon the orthogonality requirements. A set of n
orthogonal atom-adapted CASSCF MO’s is much closer
the minimal basis set of the free-atom SCF AO’s than a
of orthogonal ones.

The exact form of thexA’s was not specified; they ca
be the minimum basis set ofs, p, or d type AO’s or they can
be arbitrary independent hybrid AO’s. We may also choo
the floating functions that are not atom centered. The floa
functions can introduce the polarization effect to the S
atomic functions. Thus, an arbitrary nonorthogonal transf
mation is still undetermined on any one atom and we sh
find several uses for this remaining freedom.

The full configuration space of all possible configur
tions which are generated by these quasiatomic CASS
MO’s is identical with that of full CI space which is con
structed from the canonical CASSCF MO’s. Thus, we u
$lm% from which a CASVB wave function is constructed. T
obtain the weights of the corresponding VB structures,
project a canonical CASSCF wave function onto a VB wa
function. The projection does not modify the original wa
function but simply reexpress it in the VB language. L
CCASSCFbe a canonical CASSCF wave function

CCASSCF5S iCiF i
CASSCF, F i

CASSCF[F i
CASSCF~$w i%!,

where F i
CASSCF are the configuration state functions co

structed by orthogonal orbitals$w i% andCi ’s are the known
full CI expansion coefficients. Similarly we can define th
CASVB function in terms of bonded functions as

CCASVB5S iAiF i
CASVB, F i

CASVB[F i
CASVB~$l i%!,
o. 23, 15 December 1997
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9968 Hirao, Nakano, and Nakayama: Complete active space valence bond method
whereF i
CASVB are bonded functions constructed by non

thogonal LMO’s $l i%, and Ai ’s are the expansion coeffi
cients to be determined. The total wave functionsCCASVB

andCCASSCFare the same except for their phase factor. P
jecting F i

CASSCFonto CCASVB andCCASSCF, we have

S jV i j Aj5Ci with V i j 5^F i
CASSCFuF j

CASVE&.

The expansion coefficients$Ai% are obtained by solving the
above linear equations. This procedure only requires the
culation of one-electron overlap integralsV i j .

III. RESULTS AND DISCUSSIONS

A. Benzene

To describe the electronic structure of benzene, we
carried out a standard CASSCF calculation using a basis
of double zeta plus polarization quality, (3s2p1d/2s1p),
taken from Dunning’s correlation-consistent~cc! basis.14 A
regular hexagonal geometry is used for the ground and
cited states with experimental C–C and C–H bond length
1.397 and 1.084 Å.15 The six p electrons are distributed
among six p orbitals. These area2u(1b1u), e1g(1b2g),
e1g(1b3g), e2u(1b1u), e2u(1au), andb2g(2b3g) in order of
energy inD6h (D2h) symmetry. They are designated by 3,
1, 18, 28 and 38, respectively. The occupied orbitals in th
HF approximation are numbered from the highest one do
and the unoccupied orbitals from the lowest one up. T
orbitals i and i 8 are called a conjugated pair and the we
known pairing properties16,17 are satisfied.

Orthogonal and nonorthogonal orbitals of benzene
given in Fig. 1. The nonorthogonal LMO’s were obtained

FIG. 1. One of the six equivalent orthogonal and nonorthogonalp orbitals
of benzene. Contours are plotted in ash mirror ~perpendicular to the mo-
lecular plane! and plotted in the plane 0.3 Å above thesh plane.
J. Chem. Phys., Vol. 107, N
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projecting CASSCF MO’s onto the free-atom minimum b
sis set of 2p functions of the same cc-VDZ basis. The ge
eral contraction scheme is used in Dunning’s cc basis set
the minimum basis set of the atomic 2p function consists of
all the p-type Gaussian primitives. Thed polarization func-
tions are not included although they are used for
CASSCF calculations. The nonorthogonal orbital is ag
well localized on a single carbon atom. As noticed
Ruedenberg,8 each nonorthogonal orbital has a very hig
overlap with the corresponding free-atom 2p function,
^l1u2p&50.9941 and has a good overlap with its two near
neighbors,̂ l1ul2&50.3304. The twop orbitals in meta and
para positions have overlaps of 0.0772 and 0.0335, res
tively. Note the shift of the nodal planes on going from o
thogonal to nonorthogonal orbitals. We observe that thep
orbital becomes slightly inflated due to the relaxation of
thogonality constraints.

In the VB treatment, there are 22 different types
bonding schemes with 175 structures in benzene and t
are given in Fig. 2. Each of these bonding schemes gives
to a linearly independent symmetry function. The number
parentheses in the figure shows the number of equiva
structures with1A1g symmetry. There are five covalent VB
structures, two of which are Kekule and three of which a
Dewar structures.

In Table I we present the structure occupation numb
for the ground state of benzene. For comparison, previ
CASVB results with orthogonal orbitals and SC-VB resu
by Tantardiniet al.18 are also listed in the table. Althoug
the basis set used in the SC-VB is of inferior quality, t

FIG. 2. Rumer diagrams and number of equivalent individual structures
the 11A1g symmetry of benzene.
o. 23, 15 December 1997
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9969Hirao, Nakano, and Nakayama: Complete active space valence bond method
comparison is still interesting. We observe that the CAS
results with nonorthogonal orbitals are closer to the SC-
results than when the orthogonal orbitals are used. I
noted, however, that the variation of occupation numbers
going from orthogonal to nonorthogonal orbitals is not
large, and that it does not change the general trend.

The ground state of benzene is classified as a cova
state in view of the alternant hydrocarbons. Both CASV
descriptions show that the most important contributio
come from the two Kekule, three Dewar and 24 orthopo
~an electron is transferred from one orbital to that cente
on an adjacent atom! structures. The occupation number
the Dewar structures is about half of that of the Kekule str
tures. However, the occupation numbers for individual str
tures imply that the Kekule structure is the most import
and that the next most important is the Dewar structure.
noticed by Ohanessian and Hiberty,7 the relative weights of
the covalent structures increase and those of polar struc
decrease with use of the nonorthogonal orbitals. The oc
pation number formed from five covalent structures yie
0.313 when nonorthogonal orbitals are used while
SC-VB gives 0.332.

The leading VB structures with their structure occup
tion numbers for the ground and valencep→p* singlet ex-
cited states of benzene are shown in Fig. 3. For compari
the previous results with orthogonal orbitals are also listed
parentheses.

The excited states of benzene were discussed in d
elsewhere.17 They may be classified into the covalent min
states and ionic plus states with the use of the alterna
symmetry. The covalent minus states and ionic plus st
exhibit different behavior as far as electron correlation

TABLE I. Occupation numbers for 11A1g
2 symmetry structures of benzene

Symmetry
structure

Orthogonal
orbitals

Nonorthogonal
orbitals

SC-VB
with STO basisa

I 0.154 0.209 0.222
II 0.076 0.104 0.110
III 0.252 0.246 0.251
IV 0.118 0.108 0.117
V 0.045 0.052 0.042
VI 0.043 0.027 0.038
VII 0.025 0.041 0.023
VIII 0.008 0.008 0.007
IX 0.002 20.001 0.001
X 0.005 0.002 0.003
XI 0.000 0.000 0.000
XII 0.019 0.008 0.012
XIII 0.004 0.001 0.002
XIV 0.013 0.006 0.009
XV 0.117 0.105 0.086
XVI 0.023 0.022 0.016
XVII 0.018 0.004 0.011
XVIII 0.031 0.024 0.021
XIX 0.022 0.019 0.015
XX 0.000 0.000 0.000
XXI 0.007 0.001 0.003
XXII 0.017 0.014 0.010

aG. F. Tantardini, M. Raimondi, and M. Simonetta, J. Am. Chem. Soc.99,
2913 ~1977!.
J. Chem. Phys., Vol. 107, N
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concerned. In a MO treatment, the electronic excited sta
are described in terms of singly, doubly,..., excited config
rations constructed from occupied and unoccupied delo
ized orbitals. The ionic plus states are dominated by
single excitations but covalent minus states include a la
fraction of doubly excited configurations. It is now wel
known that dynamics–p polarization effects are significan
for the ionic plus states, sincep ionic configurations strongly
polarize thes space.

The VB description gives a quite different picture for th
excitation from the MO description. The excitation process
represented in VB theory in terms of the rearrangemen
spin couplings and charge transfer. The former generates
covalent excited states and the latter gives rise to the io
excited states, in which the covalent bond is broken an
new ionic bond is formed. Thus, the singly, doubly,... po
structures are generated from their respective ‘‘pare
ground-state covalent~nonpolar!, singly,... polar structures.

The lowest singletp→p* excited state is1B2u
2 (1B3u

2 ).
The1B2u

2 state is mainly described by HOMO→LUMO con-
figurations of 1→28 and 2→18 in a MO treatment. The
1B2u

2 state is described in a CASVB picture predominan
by a combination of the covalent Kekule and the correspo
ing orthopolar structures of type III. There are no significa
contributions from the Dewar structures or the correspond
orthopolar structures~IV !. Although the relative weights
change upon going from orthogonal to nonorthogonal or
als, the general feature is almost invariant.

We observe that linear combinations of the two equiv
lent Kekule structures generate the plus and minus sta
Their positive combination gives rise to the totally symm
ric 1A1g

2 ground state, while the negative combination yiel
the excited1B2u

2 (1B3u
2 ).

The secondp→p* excited state of benzene is1B1u
1

(1B2u
1 ). The state is dominated by singly excited configu

tions arising from degenerate HOMO→LUMO excitations
of 1→18 and 2→28 in a MO picture. Thus, the state has a
ionic nature. Figure 3 shows that the state is described b
number of ionic structures. There is no contribution from t
covalent structures. The leading ionic structures are the d
bly polar structures. These structures come from the ort
polar structures of the ground state. Thus, one of the rem
ing covalent bonds in the VB structures of III is broken, a
the plus and minus charges are generated so as to favo
electrostatic interactions as much as possible. The rela
weights of the ionic structures in the ground state decre
as discussed above, when nonorthogonal orbitals are u
Similarly, the relative weights of the doubly polar structur
decrease in the1B1u

1 (1B2u
1 ) state. The next most importan

structures are the orthopolar structures, which originate fr
the two Kekule structures of the ground state. The parap
structures must come from the Dewar structures of
ground state. Thus, the relative ratios of the occupation n
bers of these three leading polar structures are simila
those of the corresponding parent structures in the gro
state.

The third valence excited states are the degenerate1E1u
1

(1B3u
1 ,21B2u

1 ) states. The1E1u
1 (1B3u

1 ) state is the plus state
o. 23, 15 December 1997
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FIG. 3. Description of the ground and excited state CASVB wave functi
of benzene with nonorthogonal orbitals. Values are the occupation num
of the Rumer functions. RS indicates the corresponding symmetry rel
resonance structures. Values in parentheses are the occupation numb
CASVB description with orthogonal orbitals.
J. Chem. Phys., Vol. 107, No. 23, 15 December 1997
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FIG. 4. Orthogonal and nonorthogonalp orbitals of trans-butadiene. Contours are plotted in ash mirror ~perpendicular to the molecular plane! and plotted
in the plane 0.3 Å above thesh plane.
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corresponding to the minus1B2u
2 (1B3u

2 ) state. The CASSCF
wave function for the1E1u

1 (1B3u
1 ) is dominated by the singly

excited configurations 1→28 and 2→18 and the 1E1u
1

(21B2u
1 ) state is dominated by the singly excited configu

tions of 1→18 and 2→28. These states are ionic in natur
The ionic character of these states can easily be found fro
CASVB description.

The highest valence excited states treated here are
covalent1E2g

2 (1Ag
2 ,1B1g

2 ). The CASSCF1E2g
2 (1Ag

2) wave
function is a mixture of configurations 1→38 and 3→18 but
includes a large fraction of the doubly excited configuratio
(1)2→(18)2, 1→28, 2→18,..., etc. The1E2g

2 (1B1g
2 ) state

is also represented by a mixture of configurations 2→38 and
3→28 and doubly excited configurations. The states hav
predominantly Dewar character with smaller contributio
from the corresponding orthopolar VB structures IV. N
contribution can be found from the Kekule structures. Th
the Kekule structures dominate the ground state and the
gly excited 1B2u

2 (1B3u
2 ) state while the Dewar structure

dominate the doubly excited degenerate1E2g
2 states.

B. Butadiene

CASSCF functions were computed with an active sp
of 4 p electrons in 4p orbitals. The calculations were don
using the experimental geometry19 with the (3s2p1d/2s)
basis.14 The orthogonal and nonorthogonalp LMO’s of
trans-butadiene are shown in Fig. 4. The nonorthogonap
LMO’s were constructed by the method outlined in the ca
of benzene. Thep LMO’s are well localized on a single
atomic center with small localization tails onto the neighb
ing carbons. Eachp LMO again resembles an atomiclike 2p
function. The overlap between the terminal~center! p LMO
J. Chem. Phys., Vol. 107, N
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he
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a
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and an atomic 2p of the free atom is 0.9912~0.9883!. The
overlaps between LMO’s are listed in Table II.

The occupation numbers fortrans-butadiene are summa
rized in Table III. The ground state is mainly comprised
the Kekule-type structure with a small contribution from t
Dewar-type structure, while the doubly excited covale
2 1Ag

2 state is expressed predominantly by a Dewar-ty
structure with small mixing from the Kekule-type structur
MRMP predicts that the transition occurs at 6.31 eV abo
the ground state.20 Again, we can see from Table III tha
CASVB with nonorthogonal orbitals makes the weights
the covalent structures increase relative to those of the io
structures. However, the effect of orbital relaxation is not
significant.

The dipole-allowed 11Bu
1 state is well described by a

singly excitedp→p* configuration, HOMO→LUMO in a
MO description. MRMP places the energy of the 11Bu

1 state
at 6.21 eV~Ref. 20! above the ground state or 0.3 eV abo
the experimental intensity maximum of 5.92 eV. The st
has an ionic nature which can be readily interpreted in te
of the VB resonance structures. The 11Bu

1 state is a mixture
of a large number of ionic structures. The covalent structu

TABLE II. Overlap integrals between the nonorthogonalp orbitals of buta-
diene.

l1 l2 l3 l4

l1 1.0
l2 0.3635 1.0
l3 0.0633 0.3104 1.0
l4 0.0083 0.0633 0.3635 1.0
o. 23, 15 December 1997
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9972 Hirao, Nakano, and Nakayama: Complete active space valence bond method
are strictly excluded from the ionic states. The leading ter
are the singly and doubly polar structures,

@C2–C1–CvC#–@CvC–C1–C2#

and

@C2–C1–C2–C1#–@C1–C2–C1–C2#.

TABLE III. The occupation numbers of the ground and excited st
CASVB wave functions of butadiene.

Structure

Occupation numbers

Orthogonal
MO

Nonorthogonal
MO

1 1Ag
2 ~ground state!

@CvC–CvC# 0.3960 0.4789

@C–CvC–C# 0.0525 0.0633

@C2–C1–CvC#1@CvC–C1–C2# 0.1970 0.1746

@C1–C2–CvC#1@CvC–C2–C1# 0.1812 0.1565

@C–C1–C2–C#1@C–C2–C1–C# 0.0436 0.0312

@C2–C–C1–C#1@C–C2–C–C1# 0.0194 0.0185

@C1–C–C2–C#1@C–C2–C–C1# 0.0152 0.0126

@C2–CvC–C1#1@C1–CvC–C2# 0.0102 0.0102

@C2–C1–C2–C1#1@C1–C2–C1–C2# 0.0506 0.0369
@C2–C1–C1–C2# 0.0182 0.0100
@C1–C2–C2–C1# 0.0155 0.0078
@C2–C2–C1–C1#1@C1–C1–C2–C2# 0.0002 20.0002

2 1Ag
2 ~covalent!

@C–CvC–C# 0.6059 0.6439

@CvC–CvC# 0.0789 0.0809

@C–C2–C1–C#1@C–C1–C2–C# 0.2330 0.1967

@C1–C–C2–C#1@C–C2–C–C1# 0.0219 0.0249

@C2–C–C1–C#1@C–C1–C–C2# 0.0118 0.0166

@C2–C1–CvC#1@CvC–C1–C2# 0.0188 0.0169

@C1–C2–CvC#1@CvC–C2–C1# 0.0154 0.0142
@C–CvC–C1#1@C1–CvC–C2# 0.0040 0.0040
@C1–C2–C2–C1# 0.0037 0.0026
@C2–C1–C1–C2# 0.0028 0.0017
@C2–C1–C2–C1#1@C1–C2–C1–C2# 0.0038 0.0024
@C2–C2–C1–C1#1@C1–C1–C2–C2# 0.0002 0.0000

1 1Bu
1 ~ionic!

@C2–C1–CvC#2@CvC–C1–C2# 0.1940 0.2157
@C1–C2–CvC#2@CvC–C2–C1# 0.1488 0.1655
@C2–CvC–C1#2@C1–CvC–C2# 0.1362 0.1367

@C2–C–C1–C#2@C–C1–C–C2# 0.1322 0.1278

@C1–C–C2–C#2@C–C2–C–C1# 0.1006 0.0942

@C–C2–C1–C#2@C–C1–C2–C# 0.0948 0.1038

@C2–C1–C2–C1#2@C1–C2–C1–C2# 0.1900 0.1576

@C2–C2–C1–C1#2@C1–C1–C2–C2# 0.0034 20.0014
J. Chem. Phys., Vol. 107, N
s

Although singly and doubly ionic structures have nearly t
same occupation numbers when orthogonal orbitals are u
use of nonorthogonal orbitals enhances the weight of sin
ionic structures and diminishes the weight of more po
doubly ionic structures.

C. Hydrogen molecule

The first quantum mechanical treatment of the hydrog
molecule was done by Heitler and London in 1927.21 Their
ideas have been extended to give a general theory of ch
cal bonding, the VB theory. It is of interest to consider t
problem using the present modern CASVB approach. T
basis set used is of double-zeta plus polarization quality.
thogonal and nonorthogonal orbitals of H2 at 0.7 Å are
shown in Fig. 5. Nonorthogonal orbitals were obtained
projecting the CASSCF MO’s onto the 1s atomic function of
the free atom. We observe that the orthogonal LMO is
formed significantly from the atomic 1s function and has a
small tail on the other hydrogen atom due to the orthogon
ity constraint. The orthogonality requirement betwe
LMO’s forces small antibonding admixture from orbitals o
neighboring atoms into each LMO. On the contrary, the n
orthogonal LMO looks very much like an atomic 1s function
~the overlap is 0.9859! and the LMO’s overlap strongly with
each other~0.7775!.

The occupation numbers of covalent and ionic structu
in the CASVB description in terms of orthogonal LMO’s a

0.6082@HA– HB#10.3918$@HA
1HB

2#1@HA
2HB

1#%.

Nonorthogonal LMO’s change the picture of ionic-covale
resonance dramatically,

FIG. 5. Orthogonal and nonorthogonal 1s orbitals of the hydrogen mol-
ecule.
o. 23, 15 December 1997
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0.9896@HA– HB#10.0104$@HA
1HB

2#1@HA
2HB

1#%.

Orbital relaxation increases the covalent character of
H–H bond and decreases the ionic character. This tren
stronger than that observed in the case ofp bonds. The
present description seems more reasonable conceptually

D. Methane

Methane is also a molecule to which CASVB theo
with orthogonal orbitals was applied. With orthogonal orb
als CASVB resembles Pauling’s pioneering view22 that each
of the four equivalent covalent bonds is taken to arise fr
the overlap of a 1s function on a hydrogen atom and one
four orthogonalsp3 hybrids on carbon, with singlet couplin
of the associated electron pairs. However, there are also
portant differences. One of them is that CASVB with o
thogonal orbitals needs large numbers of ionic structu
The occupation number of a totally symmetric covalent p
fect pairing structure is only 0.1021.

A tetrahedral geometry with a CH bond length equal
1.091 Å was used. The basis set used is the double-zeta
polarization, (3s2p1d/2s1p) taken from Dunning’s
cc-pVDZ.14 With the restriction that the 1s orbital of carbon
remains doubly occupied, the eight valence electrons
treated as active electrons and distributed among eight
lence orbitals~2a1 , 1t2 , 2t2 , and 3a1!. Thesp3-like hybrid
atomic orbitals were used as basis AO’s for carbon instea
the free-atomic 2s and 2p functions. Hybrid orbitals were
determined by Boys’ localization procedure, mixing carb
2s and three 2p AO’s. Hydrogen LMO’s were computed b
projecting CASSCF MO’s onto the corresponding SCFs

FIG. 6. A pair of orthogonal and nonorthogonal carbonsp3 and hydrogen
1s orbitals of methane.
J. Chem. Phys., Vol. 107, N
e
is
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functions. The projected localization procedure yields fo
equivalent pairs of LMO’s. A pair of these LMO’s is show
in Fig. 6. Each pair comprises an orbital predominantly
calized on the carbon and a second orbital predomina
localized on the hydrogen. Their overlap integrals with t
corresponding carbon hybrid AO and hydrogen 1s AO are
found to bê lCusp3&50.9787 and̂ lHu1s&50.9880, respec-
tively. The overlaps between LMO’s are given in Table I
Contrary to the assumption of classical VB theory introduc
by Pauling, twosp3-like hybrids are not strictly orthogona
but have a small overlap of 0.0090. However, each of th
hybrid orbitals overlaps most strongly~0.7498! with one
slightly deformed hydrogen 1s orbital to which it points.
Comparison of orthogonal and nonorthogonal orbitals sho
that the orthogonality restriction has rather significant effe
on each orbital. The carbonsp3-like hybrid and hydrogen 1s
orbitals relax substantially on going from the orthogonal
nonorthogonal orbitals.

FIG. 7. Description of the CASVB wave function of the ground state me
ane with nonorthogonal orbitals. RS indicates the corresponding symm
related resonance structures. Values in parentheses are the occupation
bers of the CASVB description with orthogonal orbitals.

TABLE IV. Overlap integrals between the nonorthogonal orbitals
methane.a

lC lH lC8 lH8

lC 1.0
lH 0.7498 1.0
lC8 0.0090 0.1359 1.0
lH8 0.1359 0.2694 0.7498 1.0

aThelC andlH denote the carbonsp3-like hybrid and hydrogen 1s orbitals,
respectively.
o. 23, 15 December 1997
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The number of linearly independent symmetry structu
belonging to theA1 irreducible representation of theTd point
group is 104 for methane. The important VB structures a
their occupation numbers are given in Fig. 7. We arran
the VB structures in the order of decreasing occupation n
ber for individual structures. Both CASVB methods with o
thogonal and nonorthogonal orbitals give a similar gene
conceptual picture, but the variation in the relative weight
each structure is rather significant. The most important st
ture is one with four covalent bonds, with the occupati
number of 0.3488. This is three times larger than that
orthogonal CASVB. Next are VB structures with three cov
lent bonds and one ionic bond, with carbon negative. T
follow the structures with two covalent bonds and two ion
bonds. Note that the sum of the occupation numbers from
first three structures exceeds 1.0. The next contributions
from VB structures with three covalent bonds and one io
bond with carbon positive.

The feature that a structure with carbon negative is be
~larger occupation number! than carbon positive is consiste
with the resultm(r e).0 for the CH bond electric dipole
moment obtained from the analysis of FIR spectroscopy
quantum Monte Carlo calculations of deuterated methane23

Although we omit the details, we also confirmed that a str
ture with Si positive is better than Si negative in SiH4. This
can be compared to the resultm(r e),0 for the SiH bond
dipole moment obtained from the analysis of microwa
spectra of deuterated silanes.24

The occupation number for structures containing po
tive carbon is calculated to be negative. This somewhat
favorable result may arise from the definition of the occu
tion numbers.

IV. SUMMARY

Chemists are familiar with localized orbitals and t
classical VB resonance concepts. The canonical MO met
puts electrons into orthogonal delocalized MO’s while t
VB method puts electrons into nonorthogonal AO’s. T
mathematical drawbacks of VB theory and its difficulti
with magnetic properties and spectra led to an emphasi
the MO method. For quantitative calculations, the M
method has greatly overshadowed the VB method, sacr
ing the intuitive advantages of pictorial concepts for the c
veniences of symmetry. As shown in this paper and in p
vious papers by Ruedenberg8 and by McDouall and Robb11

one can easily obtain a VB-type wave function simply
transforming a canonical CASSCF function without any lo
in accuracy.

Any full CI wave function is invariant under linear trans
formations of the defining orbitals. The present study
ploits it to suggest an alternative representation of
CASSCF wave function. Nonorthogonal orbitals were co
structed so as to have maximal overlaps with the correspo
ing minimal basis set of the AO’s of the free atoms. The
nonorthogonal MO’s are equivalent to the atom-adap
FORS MO’s defined by Ruedenberg.8 The VB structures
J. Chem. Phys., Vol. 107, N
s
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which are composed of such nonorthogonal atomiclike MO
constitute the wave function closest to the concept of
oldest and most simple VB method. Use of nonorthogo
orbitals places a higher weight on covalent structures t
when orthogonal orbitals are used. The results demons
the validity of the CASVB method as a powerful tool fo
describing the various electronic structures of molecules
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