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A quasidegenerate perturbation theory based on multiconfigurational self-consistent-field
(MCSCF) reference functions is derived. The perturbation theory derived here is for multistate,
where several MCSCF functions obtained by the state-averaged MCSCF method are used as the
reference and an effective Hamiltonian is constructed by perturbation calculation. The energies
of states interested in are obtained simultaneously by diagonalization of the effective
Hamiltonian. An explicit formula of the effective Hamiltonian through second order is derived
as well as general formalism, and is applied to calculate potential curves of the system H,,
Be-H,, CO, NO, BN, and LiF. The results agree well with those of full configuration interaction
or multireference single and double excitation configuration interaction methods for both the

ground and the excited states.

I. INTRODUCTION

Many-body perturbation theory (MBPT) has been uti-
lized as a convenient way of taking account of electron
correlation beyond Hatree~Fock approximation. In partic-
ular, its single-reference version' seems to be fully estab-
lished. Mgller—Plesset perturbation method,” up to the
fourth order, is equipped as a standard tool in program
systems such as GAUSSIAN (Ref. 3) or HONDO (Ref. 4).
However, the application of the single-reference many-
body perturbation theories (SR-MBPT) is limited only to
the system where the Hartree-Fock approximation is a
good starting point. It cannot describe open-shell mole-
cules, dissociation to open-shell fragment, and transition
state of chemical reaction.

Quasidegenerate perturbation theory”™® (QDPT) has
been developed to be applied to open-shell systems and
excited states. Although much effort has been made to
develop the quasidegenerate perturbation theory, it is not
widely used among chemists. The major reason is that the
QDPT often provides incorrect potential curves, since the
perturbation series frequently diverges owing to the exist-
ence of intruder states.'

From the mid 1980’s, multiconfigurational self-
consistent-field (MC-SCF) reference perturbation theo-
ries!!16 have been proposed to overcome the defects of the
single-reference PT and the quasidegenerate PT, and some
of them seem very promising. In fact, they have many
advantages; (1) it is size consistent, (2) it yields fairly
accurate results compared with traditional highly corre-
lated methods, (3) it can be applied to the open shell and
excited states, (4) it is stable on the wide region of poten-
tial surfaces, and (5) it is more efficient than other multi-
reference based methods.

In the present paper, we propose a multistate pertur-
bation theory based on several MCSCF wave functions,
where several functions obtained by the state-averaged
MCSCF method are used as the reference and an effective
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Hamiltonian is constructed by perturbation calculation.
The states of interest are obtained by diagonalizing the
effective Hamiltonian.

The MCSCF reference quasidegenerate perturbation
theory retains all the advantages (1)—(5) of the previous
MCSCEF perturbation theories. Furthermore, it has the fol-
lowing advantages over the MCSCF perturbation theories:
(1) the solutions interested can be obtained simulta-
neously, (2) it can be applied to degenerate or quasidegen-
erate systems, and states where the root flipping occurs,
and (3) the interstate matrix elements, such as transition
dipole moment, can be calculated in the same manner to
obtain the effective Hamiltonian matrix in the energy cal-
culation.

The organization of the present paper is as follows. In
Sec. II, general formalism of MCSCF reference quaside-
generate perturbation theory and an explicit formula of the
effective Hamiltonian through the second order of the per-
turbation are derived. In Sec. III, the present theory is
applied to several systems H,, Be-H,, CO, NO, BN, and
LiF, and the results are compared with those of full CI
or multireference CI methods. Conclusions are made in
Sec. IV.

il. THEORY

A. Formalism of MCSCF reference quasidegenerate
perturbation theory

The total Hamiltonian is first split into
H=H+V, (1)

where H° is an unperturbed Hamiltonian and ¥V is a per-
turbation. We assume that the Schrodinger equation for
the unperturbed system,

H|ry=E®|r) 2)

provides a complete set of eigenfunctions {|7)} with cor-
responding eigenvalues {Eﬁo)}. The exact eigenfunctions -
{|¥,>} can be expanded by the basis set {|7)} as

|¥y= 2 C,| ). (3)
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The zeroth-order wave functions (reference functions)
in the present theory, which define P space, are state-
averaged complete active space self-consistent-field
(CASSCF) wave functions for target states (i). The com-
plementary eigenfunctions of the CAS CI Hamiltonian (ii)
and the CSF’s generated by exciting electrons out of the
CSF’s in the active space (iii) are orthogonal to the refer-
ence functions and define Q space. These functions are used
as the basis set to expand the exact wave functions for
target states. For convenience, we further denote the MC-
SCF space spanned by functions (i) and (ii), and its or-
thogonal complementary space spanned by functions (iii),
R space and S'space, respectively. Hereafter, Greek letters,
capital letters, and lower case letters, are used to denote
multiconfigurational states, single CSF’s, and general
states, respectively.

Since the Hamiltonian with the aforementioned basis is
diagonal in the active space (R space), the following rela-
tions are satisfied:

(Vrr) ap=( V)aﬁaaﬁiEél)aaﬁ,

(Vep)apg= (V) apBap=EL8 5, 4)
Vor=Vsp, Vpo="Vps: (5

In a quasidegenerate perturbation theory, the Hamil-
tonian is block diagonalized by a similar transformation,’

HF=U"HU (6)
or ,

HU=UZ7, (7N
with

H=3p, - e - = (8)

FHx=0, ' o ' 9

where the suffix D and X denote a block-diagonal part and
a block-off-diagonal part of an operator A,

AD=APP+AQQ, AX=APQ+AQP' (10)
I
1 (n=0),
vo={ Ll

E (1—162,’,,)( (I)T (n i)-i—UE%TU(QnP_i))

Equation (16) can be rewritten in explicit Hermite forms®

N =3Us VU + UGV WasUGR +

e b

_ z z (1—4% 80— 162]’,)(UPP_J)TU(” t+J)+U(n J)TU(n z+J))

i=1 j=0

%(2n+1) ( (n)TVP (n) U(W)TVPS (n) U(n)TVSP (n)+ (n)TV (n) Z

><(U&';‘f“‘U}';“'*f“’+US»';;’"TUS';"”+”W§Q+H-<>-),
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Rewriting Eq. (7) as

(HPP HPQ) (UPP UPQ)

Hpp Hgg Ugp Ugg

_(UPP UPQ) (%eﬁ‘ 0 ) (an
Ugp Ugg 0 o)’

and splitting H into H° and ¥, we get the formulas,
[Ugp,H1=VoUgp+ VspUpp— Ugp( I z— Hap), (12)

I sr=HypUpp+ VpsUsp+ VppUpp— (Upp—1)H oz, (13)

where Eq. (5) was used. These are basic equations in the
present quasidegenerate perturbation theory and are equiv-
alent to Schrodinger equation. However, the transforma-
tion operator cannot be fully determined only from these
equations, since there is no equation for Upp. This freedom
allow us to define some different versions of quasidegener-
ate perturbation theory. The most familiar condition for
Upp is the intermediate normalization,” namely, Upp=1
through any order. However, the disadvantage of using
intermediate normalization is yielding nonsymmetric tran-
not orthonormal. Therefore, in the present study, we
choose Upp so that U is unitary through any order,”®

vtu=1. (14)

Expanding Eqgs. (12), (13), and (14) as a perturbation
series, we obtain

[UGR H 1=V 0oUGs "+ VspUfy "

n—1

- Z URarG?, (15)
%ég‘)—H(I)’PUPP‘i'VPS DL VUG
= 2 UpxG™, (16)
and
a7
(n>0)
('l I)TVSPUE”;’)‘F (n— I)TVQQU('!))
+(H-C;), (18)
F5
Z (1—262,,, 1)
(19)
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where (H.c.) stands for Hermite conjugate terms. Explicit
formulas at the lowest few orders are

(a| GV |By=E T8, (20)

{a|#2|By=Ka| V(RsV)|B) + (Hc.), (21)

(2|73 By=3a| (VRE) (V—E§) (RsV) | B)
+(H.c.), (22)

(2| P | By =Ka| (VRY) (V— ED) (Rp(V—~ ES)
X (Rs¥))|B)—ila| (VRE) (RsV)
X [3V(RsV)+(VRYV]|B)
+(H.c.), (23)

etc., where Rgand R denote resolvent operators for the §
space and the Q space, respectively, and are defined for an
arbitrary operator 4 as

({|(Rs4)|])
=(i|S(Rsd) P|j)

1
W(“AU) (if ieS,jeP),
— | ED_Ef

= (24)
0 (else),
(i| (ARD) | /)
=(i| P(4R%)S|j)
1 I3 » . . .
_ mﬁj(llAl]) (lf ZGP,]GS), (25)

0 (else).

Equation (4) was used to obtain the third- and the fourth-
order effective Hamiltonian.

It is noteworthy that, up to the third order, the effec-
tive Hamiltonian is expressed by only the states in P and S
space. Thus full diagonalization of the MCSCF Hamil-
tonian is not necessary to obtain the second- and third-
order energy.

To formulate the perturbation theory uniquely, we
must define the zeroth-order Hamiltonian. It is useful if the
zeroth-order Hamiltonian is a sum of one-particle opera-
tors, since the zeroth-order energies are immediately ob-
tained as sums of the eigenvalues. However, the MCSCF
orbital is not an eigenvector of a one-particle operator, so
that diagonal part of an operator, which is analogous to the
Fock operator, is used:

H'= pzqa f pqa;aaqa‘qu= %epa;aa.w’ (26)

where €, is defined as the orbital energy. The label o de-
notes the spin label. As the matrix f pqs We adopt

Fog="hpgt+ 2 Dl (pa|rs)—3(pr|an)],

(27)
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where D%/ denotes state-averaged one-particle density ma-
trix.

There still remains an arbitrariness in choosing the
MCSCEF orbitals because the CASSCF energies are invari-
ant under the rotation in doubly occupied, active, and ex-
ternal orbital spaces. The canonical Fock orbital set!!™!?
which leads the partially diagonal form in each space of f,,
and natural orbital set'*!® which leads the diagonal form
of the one-particle density matrix have been used so far. In
the present paper we used both the orbital sets.

Finally, we mention the size consistency of the present
theory. From diagrammatic treatment, it was proved that
the perturbation theory with the unitary normalization is
size consistent through fourth order of the effective Hamil-
tonian, and is not from the fifth order.® However, this fact
is not so disappointing, since rapid convergence is expected
in the MCSCEF perturbation theory, and thus such higher-
order terms are not required in many practical calcula-
tions.

B. Explicit expression for the effective Hamiltonian
through second order '

It is easy to show that the effective Hamiltonian up to
first order 5780~V is equivalent to the CAS CI in the ref-
erence space {|a)} and is given by

oty = %ca,dA), (28)
(@] #GV|BY =85 EMSTF, (29)

where | 4) and EMSCF denote the CSF belonging to the
active space and the MCSCF energy, respectively.

From Eq. (21) the second-order effective Hamiltonian
is written as the sum-over-states form,

1
(a|#P|1BY=32 (| V|I) —or—=wmy LI V|B)
I EE '—EI

+(H.c.), (30)

where | I) denotes the CSF belonging to S space. Equation
(30) is further reducible to the sum-over-orbitals form, if
we use Eq. (28) and substitute the second quantized form
of perturbation ¥ in Eq. (30),

1
V=2 (hpy—€8p) Epgty 2 (pa]|75)Epg s
pq pqrs

= z UP‘IEP4+% z (qurs)qu,rs, (31)
pq pgrs

where E,, and E,, ., are one- and two-particle generators

of the unitary group, respectively, and are defined by

Epy= 2 aba4, (32)
ag

E g rs=EpgE,s—84,E ps= E' a;fmaiu,aw,aqa. (33)
ao

Substituting Eqs. (28) and (31) into Eq. (30), we obtain
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1 1 Uyt gt
| 7P =_-—ZC C <A| Vo pot= rs)E ( p'q E.,
(AR 18r=3 2 CasCon{ |\ 2 omeFuts 2, Pl Epars | 2 = g B
1 w'eirs)
Y E .+ B H.c. s 34
+2 p'ar's ep'—fq'+6,r—€s'+E§§”-—E§°) pq”s) >+( ) (34)

where E%” and Eéo) are the zeroth-order energies of the CSF | B) and the state |B), respectively; that is,

EQ =23 pe, (u,=0,1, or 2), (35)
p

EP =X (B|E,p|B)e,, (36)
P

where I, is the occupation number and (B E,,|B) the averaged occupation number. The set of suffix in the summation
{p'sq'} and { p’,q’,r",s'} are restricted so that the intermediate states belong to the .S space. Hence, the following types
of generators E v, and E,q’,,» appear as

Ep’q' :Eoss Eois Egys

[

Ega,ii’ Eei,jj’ Eai,jj’ Eiz',ea’ Eii,ejs Eii,aj
Eei,im Eei,ij! Eai,ij’ Eia,eh Eij,ei’ Eij,ai
Ep,q,,,,s': Eea,fb: Eea,fi’ Eei,fas Eei,fj: s

Eea,bc, Eea,bi’ Eei,ab’ Eei,aj: Eab,ec’ Eab,eis Eai,eba Eai,ej

Eab,ci: Eai,bc’ Eai,bj
where {i,j}, {a,b}, and {e, f} denote doubly occupied, active, and external orbital labels, respectively.

Before deriving the final form of the second-order effective Hamiltonian, we redefine the one-particle perturbation
operator by

Upg=Vpg+ 2 [2(pg|i) —(piig)], , (37)

; ,

where the suffix ;i runs over doubly occupied orbitals, and define the difference between E Sz?) and EE;O) by

AEp=ES ~ES. (38)
Ordering the generators in Eq. (34) to normal products with only active orbital labels, we obtain

5 (2 bt (ia'| jb) [2(a' i} b'f) — (a'f | b'D)]
4B ia' ea’—ei+AEBB ija'b' ea'_€i+eb’_€j+AEBB

1
(@|#@1BY=5 2 CacCip
AB

uiqupi upeueq uia'[z(a’ilpq)_(a’qlpi)]
A|E,|B peeq_ :
+ % < l Pq] >[ ; ep—ei—l—AEBB g Ee—eq-‘l—AEBB ia’ ea’_6i+€p_€q+AEBﬂ

_y [2(ia’| pq) —(ig| pa’) 1ugz; 3 (ja'|ig)[2(a’j|pi) —(a'i| p])]

ia' eal—€i+AEBB Vijal Ga;r—*6j+€1',—€i+AEBﬁ
(ia’ | pb')[2(a’i|b’g) —(a’'q|b'i)] - . u;,(pi|rs)
- 2 )‘I‘ Z (AIqu,rs|B> Z 4
ia'b' ea,—ei+ebl—eq+AEBB pars R ep_ei+er—'€s+AEBB
uee(eq[rs) - Ug|rs)up (pe|rs)u,.,

e ee—€é+€,“€s+AEBB+ i ep_€i+AEBB_ e ee—e'q—l—AEBB
1 r(iqus)(pilrj) 1 (pa'|re)(a’'q|es) 1 (pe[ra)(eqlas)

2% e,—€te,—€;+AEg 25 €y—€,t€—€+AEgy 2% €,—e,+€,—€,+AEpg

+S (pa'|ig)(a’i|rs) (pa’]is)(q’q]ri) )
i@ €x—€+€,—€+AEps 1y €y—€,+€,—€+AEpg
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TABLE 1. (a) Difference of total energy from full CI for Hz(lz;) in a.u. (b) Difference of total energy
from full CI for H,(*S}) in a.u. The symbol r, denotes the bond length of the ground state, 1.4 a.u.
Geometry re L.5r, 2.07, 100 a.u.
(a) First state
CASSCF 0.014 659 0.007 784 0.001 619 0.000 058
Present (canonical) 0.001 620 0.000 670 0.000 276 0.000 007
Present (natural) 0.001 447 0.000 613 0.000 283 0.000 007
Fuli CI —1.167 438 —1,121 311 —1.063 509 —0.999 619
Second state
CASSCF 0.006 455 0.002 438 0.004 408 0.005 144
Present (canonical) 0.000 773 0.000 278 0.000 448 0.000 191
Present (natural) 0.000 851 0.000 296 0.000 444 0.000 185
Full CI —0.533 483 —0.533 899 —0.589 810 —0.496 940
(b) First state
CASSCF 0.001 400 0.002 478 0.001 311 0.000 000 .
Present (canonical) 0.000 179 0.000 294 0.000 122 0.000 000
Present (natural) 0.000 079 —0.000 007 0.000 003 0.000 000
Full CI —0.777 953 —0.906 507 —0.961 301 —0.999 619
Second state
CASSCF 0.001 975 0.001 960 0.000 878 0.000 000
Present (canonical) 0.000 245 0.000 423 0.000 086 0.000 000
Present (natural) ~ 0.000 247 0.000 506 0.000 145 0.000 000
Full CI —0.381 853 —0.471 §47 —0.477 448 —0.478 555
v (ia'|pg)[2(a'i|rs) —(a's|ri)] LS 4|E B (ig|rs) (pi|tu)
ia' ea'_ei+€r_€s+AEBB 7 pgrstu parstu i ep_€i+€t_eu+AEBﬁ '
(pe|rs)(eq|tu) - - | ) L
-2 )]-{-(H.c.). (39)

e €c—€,+€—€,+AEpg

The E, 5,y is the three-particle generator defined by

+

-t
aT am,am,,auanaw,aqa.

E pg,rs,tu=— 2 o

go'o”

(40)

The orbital labels {i,;}, {a}, and {e} are for doubly oc-
cupied, active, and external orbitals, respectively, and

TABLE II. Spectroscopic constants for H;.

{a’,b’} run over both active and external orbitals, and the
suffix of the generator { p,q,7,s,t,u} run over only active
orbitals.

The present method has some computational merits as
compared with the MR-CI method. First, neither diago-
nalization of large matrix nor solving large scale linear

re (R) D, (eV) o, (cm™")
X 12;‘ CASSCF 0.7571 4.174 4329
Present (canonical) 0.7426 4.523 4522
Present (natural) 0.7423 4.527 4525
* Full CI 0.7401 4.567 4551
E 'E;’ CASSCF 0.9023 1.282 3116
Present (canonical) 0.8893 1.268 3272
Present (natural) 0.8895 1.267 3270
Full CI 0.8875 1.278 3290
F 12;‘ CASSCF 2.3413 4.864 1371
Present (canonical) 2.3367 4.870 1381
Present (natural) 2.3367 4.870 1381
Fuli CI 2.3363 4.870 1381
e33F CASSCF 1.3486 1688
Present (canonical) 1.3396 1727
Present (natural) 1.3398 1717
Fuil CI 1.3356 1723
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TABLE III. The difference of total energy from full CI on the C,, insertion pathway for Be-H,('4,) in a.u.

Geometry a b c d e f g h i

First state

CASSCF 0.006 11 0.006 88 0.006 36 0.00479 0.005 25 0.008 13 0.009 60 0.008 11 0.007 44
ccMC 0.000 30 0.000 54 0.001 50 0.002 63 0,002 33 0.001 83 0.001 18 0.000 16 0.000 29
QD-MBPT® —0.00796 —0.01001 = —0.00851 ~—0.00305 =0.00190 —0.00114 —0.00315 —0.00259

Present (canonical) 0.001 35 0.001 51 0.001 42 0.001 09 0.001 06 0.001 33 0.001 13 0.001 73 0.001 50
Present (natural) 0.001 34 0.001 44 0.001 42 0.001 11 0.001 14 0.001 43 0.001 12 0.001 70 0.001 49
Full CI° —15.77884 —15.73692 —15.67451 —15.62258 —15.60263 —15.62479 —15.69297 —15.73647 —15.76263
Second state ) ’ T o

CASSCF 0.004 69 0.006 31 0.009 49 0.010 19 0.009 75 0.007 58 0.010 81 0.009 84 0.005 83
CCMC*® 0.001 50 0.001 80 0.001 00 0.002 00 0.002 50 0.002 50 0.001 50 0.001 20 0.001 30
QD-MBPT® —0.01027 —0.004 80 0.001 10 0.00009 —000179 —0.00301 —0.00132 —0.02089

Present (canonical) 0.001 30 0.001 68 0.001 74 0.002 06 0.001 93 0.001 28 0.001 64 0.002 82 0.000 59
Present (natural) 0.001 31 0.001 74 0.002 07 0.002 24 0.002 00 0.001 33 0.001 77 0.002'92 0.000 59
Full CF° —15.40744 1541403 —1544274 —15.52450 —15.55395 —15.53521 —15.46174 —1545322 —15.47536

#Reference 19. .
bReference 21.
°Reference 20.

equation is necessary. Second, the larger block-diagonal
part of the Hamiltonian, Hyy, is not necessary. Thirdly,
the integral transformation for the two-electron integrals
with three and four external orbital labels is not necessary.
Since the codes of the present method and of the
MR-CI method were not fully optimized, the comparison
of the computational time is not so meaningful. However,
the CPU time to compute Eq. (39) is less than or almost
. equal to the time of one iteration in the MR-CI method,
which suggests the efficiency of the present method.

Iii. APPLICATIONS

The present method was applied to several molecular
systems for illustrating its performance. The results will be
compared with those of full CI or multireference CI
method using the same basis set and the same reference
space. The target states were the lowest two states in the
same spin and symmetry.

A. Hydrogen molecule ('S} states and 3= states)

Calculations of potential curves for '} states and
33} states of the hydrogen molecule have been performed
using triple-zeta plus polarization (orbital exponent 1.0)
basis set.!” The orbitals, log, loy, 204, and 20, were cho-
sen to be active, which are necessary for proper dissocia-
tion of the lowest two states of 'S} and =} .

TABLE IV. Vertical excitation energies for Be-H,('4;) in a.u.

The total energies at some selected internuclear dis-
tances are shown in Tables I(a) and I(b). These tables
show that the present method provide very close energies
to those of full CI method for both the ground and excited
states. For 1 12; state, the CASSCF description was poor
near the equilibrium structure; the deviation at »=1.4 bohr
was 14.7 mhartree. The present method reduced it to 1.6
mbhartree (for the canonical Fock orbital). For 32;" states,
compared to the largest deviation of the CASSCF, 2.5
mhartree, that of the present method was only 0.5 mhar-
tree. About 85%—-90% of the dynamic correlation has been
recovered by the present method.

Table II shows the spectroscopic constants for the
bound states, i.e., X 12;',', E 12;, F 12;’, and €3}, The
present method provided very close values to the full CI
results. The deviations for X IZ'g"’ state, for example, were
only 0.0025 A, 0.044 eV, and 29 cm ™, in the bond length,
the dissociation energy, and the vibrational frequency, re-
spectively.

B. C,, insertion pathway for BeH,

The potential curves of the perpendicular (C,,) inser-
tion of Be into H, were calculated. Many works'®*?° have
been done for this system for some reasons. First, several

Geometry a b [4 e f g h i
CASSCF 0.369 98 0.32232 0.234 90 0.10348 005318 0.089 03 0.232 44 0.284 98 0.285 66
ceMe 0.372 60 0.324 15 0.23127 0.097 45 0.048 85 0.090 25 0.231 55 0.284 61 0.288 28
QD-MBPT® 0.369 09 0.328 10 0.241 38 0.101 22 0.048 79 0.087 71 10.233 06 0.264 95

Present (canonical) 0.37135 0.323 06 0.23209 0.099 05 0.04955  0.08953 0.231 74 0.284 34 0.286 36
Present (natural) 0.371 37 0.323 19 0.23242 0.099 21 0.049 54 0.089 48 0.231 88 0.284 47 0.286 37
Full CP? - 0.371 40 0.322 89 '0.23177 0.098 08 0.048 68 0.089 58 0.23123 0.283 25 0.287 27

*Fstimated from Refs. 19 and 20.
YReference 21.
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FIG. 1. CASSCEF, full CI, and MCSCF reference QDPT potential curves
on C, insertion path way for Be-H,('4,).

configurations are necessary to describe the reaction, and
thus it is suited to test the reliability of multireference
based methods. Second, the system is small enough to al-
low us to carry out the full CI calculation.

The geometries and the basis set were identical to those
in Refs. 20 and 21. The orbitals 2a,, 3a;, 1b;, 1b,, 2b,,
and 4a, were active, and 1a,, which corresponds to the 1s
orbital of Be, was optimized in the CASSCF calculation,
but frozen in the perturbation calculation. The results are
shown in Table III(a) with those of multiconfigurational
coupled cluster method®?® (CCMC), quasidegenerate
many-body perturbation theory (QD-MBPT),2! and full
CI method.”® The potential curves are illustrated in Fig.
1. From Table ITI it is estimated that the present method
yielded 77%—-88% and 72%-90% of dynamical correla-
tion energy for the ground and the excited states, respec-
tively; and the percentage averaged over the geometries
and the states is 80%. In the CCMC method, 45%-98%
and 67%-88% of dynamical correlation were reproduced

T T T
~112.4f .
o i
2 ]
o
|5
S 1126 .
>
(@]
& i ]
c
37|
_112.8- " CASSCF |
_ * MR-SDCI |
* MR-QDPT |
20 80 40

C-0 Distance (bohrs)

FIG. 2. CASSCF, MR-SDCI, and MCSCF reference QDPT potential
curves of two lowest states of CO(!=+).

o
@
o
= .
[
<
>
&
“T) -
(&
® CASSCF
-129.4} * MR-SDCI -
N o -t MR QDPT ]
2.0 3.0 2.0

N-O Distance (bohrs)

FIG. 3. CASSCF, MR-SCDI, and MCSCF reference QDPT potential
curves of two lowest states of NO (3II).

for the ground and the excited states, respectively; and the
average is 79%. We can say that the present method is
comparable to the CCMC method as for energy. However,
the present method is more efficient, since in the CCMC
method, the reference MCSCF (18 CSF’s) wave function
was optimized for each state and coupled cluster equation
was also solved separately; on the other hand, in the
present method, state-averaged CASSCF (37 CSFs) was
performed to construct the reference states once, and the
two states were obtained simultaneously in perturbation
calculation. We note that the state-specific 18-CSF MC-
SCF energies used in the CCMC calculations were lower
than those of the present state-averaged 37-CSF CASSCF
for the excited state. The 18-CSF MCSCF ground state
energies were not given in Ref. 20.

The quasidegenerate perturbation method?! overestl-
mated the correlation energies. At geometries d, ¢, f, and g,
this method gave good results; however at geometries a, b,
and ¢, the errors were greater than those of CASSCEF.

-78.8———————————————

Energy (hartrees)v

® CASSCF
*MR-SDCI
* MR-QDPT
B0 40 B0
B-N Distance {bohrs)

~79.11 *

FIG. 4. CASSCF, MR-SDCL and MCSCEF reference QDPT potential
curves of two lowest states of BN(’IT).
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FIG. 5. Single-reference-state MCSCF PT, full CI, and MCSCEF reference
QDPT potential curves in avoided crossing region for LiF, where
“CASSCF PT(ave.)” and “CASSCF PT(opt.)” denote single-reference-
state MCSCF PT using state-averaged CASSCF orbital and that using
state-specific CASSCF orbital optimized for the ground state, respec-
tively.

In Table IV, the vertical excitation energies are shown.
The present method improved the CASSCF excitation en-
ergies at all geometries, while the other methods did not at
some geometries. This indicates that the present method
provides reliable estimates for, not only the absolute value
of energy, but also the relative value.

C.CO (X '+ and B '=*), NO (X %I and B II),
and BN (X 311 and A °I)

The potential curves of CO, NO, and BN were calcu-
lated using double-zeta basis set,”? which is the [4s2p]
Dunning contraction of the Huzinaga (9s5p) primitive set.
Although the basis set is small, it is sufficient to check the
performance of the present method. Since the full CI cal-
culation is difficult to be performed, the multireference sin-
gle and double excited CI (MR-SDCI) method using the
same orbital and reference space was employed for com-
parison.

In the CASSCEF calculations, six orbitals (30, 40, 1,
and 27) were used to construct the active space for CO
and NO, and seven orbitals (20, 30, 40, 17, and 27) for
BN. The lo core orbitals and its corresponding virtual
orbitals were not correlated in the present and the MR-
SDCI method in order to reduce the number of CSF in the
CI method.

TABLE V. Vertical excitation energies for CO, NO, and BN in a.u.

Li—F Distance (bohrs)

FIG. 6. Difference between the two diagonal elements of the effective
Hamiltonian which are equivalent to the ground and excited states energy
splitting by the single-reference-state MCSCF PT, and off-diagonal ele-
ment.

The potential curves in the region r,—2.0r, are illus-
trated in Figs. 2, 3, and 4. In this region, the deviations of
the CASSCF energy from the MR-SDCI results were 0.10—
0.11 hartree for CO and NO, and 0.05-0.08 hartree for
BN. These were reduced by the present method to 14, 8,
and 12 mhartree for CO, NO, and BN, respectively. The
819%-99 % of the error from the MR-SDCI results has
been recovered by the present method.

In many cases, the relative energies between different
geometries or different electronic states other than the total
energy itself are important to characterize the potential
curves. In Table V, vertical excitation energies are shown.
The results of the present method agreed well with the
MR-SDCI data. The difference was less than 3 mhartree.
To estimate the shapes of the potential curves, which is
crucial for dynamics, we further examined the change of
the error along the bond distance, and found that the
present method gave the improved potential curves where
the changes were smaller than those of CASSCF. In the
present method, the changes of the error were 7, 6, and 7
mhartree for CO, NO, and BN, respectively; on the other
hand, they were 19, 23, and 30 mhartree in the CASSCF
method.

D. lonic-neutral curve crossing in '3+ states of LiF

Finally, we investigated ionic-neutral curve crossing
between the two lowest '= states of LiF as an example of

CO(X!'3t-B'zH) NO(X - B ) BN(X M- 4 3)
r 2.1504 bohr 2.20 bohr 2.4931 bohr
CASSCF 0.39043 0.27480 0.13921
Present (canonical) 0.37887 0.27303 0.12922
Present (natural) 0.37870 0.27271 0.12956
MR-SDCI " 0.37630 0.27442 0.12922
J. Chem. Phys., Vol. 99, No. 10, 15 November 1993
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TABLE VI. Total energies for LiF in a.u.

r (au.) 6.5 7.5 8.5 9.5 10.5 115 125
First state o

CASSCF (av.)* —106.885 92 —106.86572  —106.85310  —106.848 36 —106.84723 =~ —106.84696  —106.846 90
CASSCF (opt.)® —106.938 77 —106.899 36 —106.886 09 —106.87548  —106.866 83 —106.862 30 —106.862 30
MCSCF PT (av.) —106.985 83 —106.960 45 —106.936 50 —106.922 16 —106.918 67 ~10691792  —106.917 73
MCSCF PT (opt.) —106.991 48 —106.969 10 —10695210  —106.93882 ~ —10692820  —106.919 54 —106.916 84
Present® —106.990 75 —106.970 03 —106.953 97 —106.938 46 —10692680 = —106.91953 —106.917 89
Full CI¢ —106.994 85 —106.970 82 —106.953 23 —106.93980 10692928 ' —10692199  —106.92046
Second state ' ) - )

CASSCF (av.) —106.832 10 —106.834 21 —106.832 30 —106.825 13 —106.816 41 —106.808 45 —106.801 60
MCSCF PT (av.) —106.913 91 —106.920 73 —106.92952 - —106.930 49 —106.923 54 —106.915 88 —106.909 05
Present —106.908 99 —106.911 15 —106.912 06 —106.914 19 —10691541  —106.91427 —106.908 88
State-averaged CASSCF.

bState-specific CASSCF optimized for the ground state.
“Only canonical Fock orbital was used.
dReference 23.

a system which complicated by root flipping due to strong
interaction. Bauschlicher er al.?® studied this system with
full CI and MR-CI methods. We also calculated potential
curves of the two lowest states in the ionic-neutral curve
crossing region using the present theory and the single-
reference-state MCSCF perturbation theory for compari-
son. The basis set used was the same as that used by
Bauschlicher et al.®® Active orbitals were 40, 50, 17, and
27 orbitals, which corresponds to F(2po), Li(2s),
F(2pw), and Li(2pw), respectively, in the dissociation
limit. The orbitals 1o, 20, and 30 were frozen in the per-
turbation calculation. Only the canonical Fock orbital was
used.

Results are shown in Table VI and Fig. 5. The single-
reference-state MCSCF perturbation theory using the
state-averaged CASSCF orbital did not yield correct po-
tential curves, since the two curves are crossing. The two
energies at 9.5 bohr and 10.5 bohr are in the reverse order
to those of CASSCF. On the contrary, the present method
gave correct potential curves, and the maximum error from
full CI energy was 4.1 mhartree for the ground state. (For
the excited state, results by the full CI method have not
been reported.)

The difference between the two diagonal elements and
the off-diagonal element of the effective Hamiltonian are
shown in Fig. 6. From Fig. 6 it can be seen that the off-
diagonal element is very large (~2% 102 hartree). If we
apply the single-reference-state MCSCF perturbation the-
ory with state-averaged MCSCF orbitals, which is equiva-
lent to the diagonal elements of the effective Hamiltonian,
such strong interaction cannot be taken into account. On
the contrary, in the present theory the interaction can be
included as the off-diagonal element of the effective Hamil-
tonian naturally.

The single-reference-state MCSCF perturbation theory
using the CASSCF orbital optimized for the ground state
yielded good results. The maximum error was 3.6 mhar-
tree, which is nearly equal to that of the present method.
However, for the excited state at all geometries shown in
Table V, CASSCEF itself did not converge. Both the single-
reference-state MCSCF perturbation theory based on state-

averaged CASSCF and that based on state-specific
CASSCEF failed to describe the excited state. It is noted
that the present method could obtain both of them.

IV. CONCLUDING REMARKS

" A quasidegenerate perturbation theory based on MC-~
SCF reference functions has been derived. The theory re-
tains all of the attractive features of single-reference-state
MCSCF perturbation theory and, moreover, has the ad-
vantages of traditional quasidegenerate perturbation the-
ory as (1) several states interested in can be obtained si-
multaneously, (2) it can be applied to the degenerate or
quasidegenerate systems, and (3) the interstate matrix el-
ements, such as transition dipole moment, can be calcu-
lated in the same manner to obtain the effective Hamil-
tonian.

The formalism of MCSCF reference quasidegenerate
perturbation theory has been presented and the working
expression for the second order effective Hamiltonian,
which has been reduced to molecular integrals and orbital
energies, has been derived. It was applied to several sys-
tems as H,, Be-H,, CO, NO, BN, and LiF; and it was
shown that the present method yields good results which
agrees well with those of full CI or MR-CI. In particular,
in the case of LiF, the single-reference-state MCSCF per-
turbation method could not provide both the ground and
the excited states, while the present method could give
both.

The present perturbation theory can provide several
solutions even if they interact strongly, and the results are
fairly good. Moreover, computational costs of the present
method are much smaller than that of MR-CI. We expect
the MCSCEF reference quasidegenerate perturbation theory
is useful in the wide region of the calculations for electronic
state.

In forthcoming papers, the CSF based calculation of
the MCSCEF reference QDPT with Epstein—Nesbet parti-
tion?* and dipole and transition dipole moments calcula-
tions will be presented.
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