RECENTADVANCES IN MULTIREFERENCEMETHODS
RecentAdvancesn ComputationalChemistry,Vol. 4

ANALYTIC ENERGY GRADIENTS FOR SECOND-ORDER
MULTIREFERENCE PERTURBATION THEORY

HARUYUKI NAKANO, NORIO OTSUKA AND KIMIHIKO HIRAO
Department of Applied Chemistry, Graduate School of Engineering, University of Tokyo,
Tokyo 113-8656, Japan

An analytic energy gradient method for second-order quasidegenerate perturbation theory with
multiconfigurational self-consistent field reference functions (MC-QDPT) is presented. An ex-
pression for the energy gradientsis derived using the Lagrange multiplier method. The gradients
are calculated without solving coupled perturbed equations.  Instead, it is necessary to solve eight
setsof linear equationsfor the multipliers.  Sx of the eight equations reducesto simple partial dif-
ferential formswhich directly give the multipliers, and only the remaining two are large scale lin-
ear equations that need iterative procedure. The gradients are given as the product of the first
derivative integrals and the effective denstiesthat depends on the obtained multipliers and the pa-
rameters. The expression for the conventional quasidegenerate perturbation theory and numeri-
cal resultsfor the methylenemoleculeare alsopresented.

1 Introduction
1.1 Multireference perturbation theory

The devdopment of multireference methods represents important progress in dectronic
structuretheoryin thelasttwo decades. TheHartree-FocKHF) methochasplayedavery
important role and various singl e reference based methods starting with the HF wavefunc-
tion have been successful. However, for the states in the bond-bresking region or for
exdted states, the wavefunctions are basicaly of a multiconfigurationa naure.  Mul-
tireferencanethodsareindispensble for suchstates.
Thecompleteactivespaceself-consistenfield method(CASSCF§? is anattempto
generalizaheHF modelto asituationwherethemulticonfigurationahaturds important,
while keepingheconceptuasimplicity of theHF modelasmuchaspossibleandis often
used to study potentid energy surfaces of chemicd reactions. In fact, the CASSCF
methochasmanyadvantagegl)it canbeappliedto excitedstateaswell asthegroundstate
in a single framework; (2) it is size-consistent, and (3) it is wel defined on the whole
potentid energy surface of a chemica resction if an appropriae active space is chosen.
However, CASSCF takes into account only non-dynamic dectron corrdaion and not
dynamic corrdation. Accuracy in the energy cdculation such as exctaion energy and
dissociatiorenergydoesnotreachchemicalaccuracythatis, within severdkcal/mol. A
methodis requiredthattakesinto accountoththe non-dynami@anddynamiccorrektions.
There are three gpproaches in indudng dynamic corrdaion based on the CASSCF



method, similar to the single reference methods based on the HF method multireference
configurationinteraction(Cl), couplectlustef CC) methodsandperturbatiortheory(PT).

The most popular is probably the multireference configuration interaction (MRCI)
method. Much efforthasbeerdevotedo developinghemethodto makeit applicableo
larger systems andto incresseits efficiency.  Cadculations can now be peformed involv-
ing a billion configurations. The accuracy of potentid energy surfaces reeches a few
kcal/molfor very small molecule. This is veryusefulin constructingpotentialsurface
of smallmolecules. Howeverfor realisticallysizedmoleculesgventodaythe MRCl is
still not practicaldueto the hugedimensionof the Cl expansion.

The multireference coupled duster (MRCC) method has dso been studed for many
yeas. Although the custer expansion method has dtractive fegtures such as size-
consistencyit hasnotyetbeenfully establishedndthereareno programpackagegeadily
available.

The multireference perturbation theory (MRPT) is a third technique for incudng
dynamic corrdation. At present, MRPT has three forms. Thefirst form is the conven-
tiona quasi degenerate perturbation theory (QDPT)?, where an effective Hamiltonian is
constructed on a pure configuration state function (CSF) basis and then is dagondize to
obtaintheenergie®of the statef interest. TheeffectiveHamiltonianto seconarder(if
unitary normalizationis applied)is givenby
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whereH andV denoteHamiltonianandperturbatioroperdors,and| A) and| B) indicatethe
CSFsin theactivespace| ) theCSFsin theouterspaceand E” arezerothorderenergies
of the CSFs. This methodhasalsooftenbeencalled”multiconfigurationaperturbation
theory”. However, each dement of the effective Hamiltonian is caculated with a CSF
basis; in other words, dl reference functions in the perturbation cdculaion are single-
configurational andthey aremixedafter the diagonalizatiorof theeffectiveHamiltonian.
Thus, the conventiond QDPT should be dassified as a singe-configuration basis
multi-state PT, to dstinguish it from under-mentioned PTs.  The history of the conven-
tiond QDPT islong and dates back to 1950s. In spite of itslong history it is not often
usedby chemistsmostprobablybecaus@DPT hasconvergencdifficulty becaus®f the
intruderstatesandthusit is not alwaysstable.

The second form is Rayleigh-Schrodnger perturbation theory (RSPT) based on a
multiconfigurationd reference function®®.  The multireference Maller-Plessat perturba:
tion theory(MRMP PTY) weproposegbreviouslyis oneof theMRPTsof this form, where
ClI coefficientsaswell asmolecularorbitals(MOs)aredeterminedirst throughCASSCF
andthenRSPTis appliedusingtheCASSCFwavefunctionasreference. Theenergyo
secondbrderis givenby

ECY = (alHla)+ Y
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where |a) is a CASSCF wave function. In this case, asingle wave function that is
multi-configurationd is used as reference.  Thus, this PT is dassified as a multi-
configuration basissingle-state PT.

We havealsoproposed perturbatiortheoryunifying the abovetwo kindsof PTs,a
quasi degenerate perturbaion theory with MCSCF reference functions (MC-QDPT)?,
which is a multi-configuration basis multi-state PT. In this PT, stae-averaged
CASSCEF is first performed to set reference functions, then an effective Hamiltonian is
constructedwhichfinally is diagonalizedo obtaintheenergiesofinterest. Theeffective
Hamiltonianto secondrderis givenby
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Differing from the conventiond QDPT case, the reference functions |a) and |B) are

multiconfigurational. This theory includesMIRMP PT (thecasethatthesetof reference
functions reduces to a single function) and the conventiond QDPT (the case that each
multiconfigurationakeferencdunctionreducego a single CSF) asspecialcases.

MC-QDPT wasdesignedo treatarelativelysmallnumbeiof stateg [120)while in the
conventionaQDPTthenumberof statesanreachseverathousande®rmore. Thecodes
neededor efficientcomputatiorfor respectivecasesirequitedifferent.  Although Eq.(3)
indudes Eq (1) as aspecid case, the definition of orbitd energies for the conventiond
QDPT is somewhat dfferent from tha of MC-QDPT and MRMP PT. Therefore the
gradientsn the conventionalQDPT aretreatedseparatelyn the presentrticle.

Our previous applications’ have been proved thaa MRMP PT and MC-QDPT ae
powerful tools for investigating €ectronic structures of molecules and potentia energy
surfaces of chemicd reections. In fact, they are accurate enough to provide chemica
accuracy. AlthoughMRMP PTandMC-QDPTto seconarderdonotyieldatotalenergy
very dose to the exact one, they are wdl baanced and rd a@ive energies like dissod ation
energiesexcitationenergiesactivationenergiesetc. arequitegood. Furthermorethey
are much more efficient and accessible than MRCI and MRCC methods. The effective
Hamiltonian is computed as sums of the product of molecular integrds and coupling
constantdetweerareferencastateandaCSFdividedby energydifferencesothecomputer
resourcesequiraldonotdependtronglyonthesizeof theactivespacendbasisset. This
presents starkcontrasto the caseof MRCI andMRCC.
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1.2 Analytic energy derivatives of multireference perturbation theory

The andytic energy derivative method® is an essentid technique in modern dectronic
structure theory. Geometry optimization is a key step in studying chemica reection
mechanismsndmolecularstructuresandnormalmodevibrationalanalysisis utilizedto
identify infrared and Raman spectra. The reguired information is obtained from the first
andsecondlerivativeswith respecto nuclearcoordinate®f a molecule.



Andytic gradent methods have been devedoped for severd leves of theory beyond
Hatree-Fock. The multiconfigurationa sdf-consistent fidd (MCSCF) method is a
methodanalyticgradient®f whichwasdevelopecdearlyin the historyof the researclof the
energy derivaive method. Now CASSCF, aform of MCSCEF, is often usedto locae
stationarypoint$, sincethe CASSCFwavefunctionis stableevenat distortedmolecular
structures. However, as was mentioned in the previous sub-section, the CASSCF
potentid surfaces do not reach chemicd accuracy, so that it can predct, for example, a
fictitious transition state that dsappears upon the addtion of dynamic corrdation.
Moreover,it is difficult to usefully optimizedCASSCFwavefunctionsfor apureexcited
eectronic state, that is, astatethat is not the lowest of its spin and symmetry, since the
CASSCEF iterative procedure for such cases frequently dverges. There is a neadfor an
analyticgradienfor amultireferencevavefunctionthatgoesbeyondCASSCFandthatis
efficientenoughto be broadlyapplicble.

There are few studes involving numericd examples on the gradent for a multirefer-
encewavefunction. Only themultireferenceCl energygradient® hasbeerimplemented.
However,asdescribedn the previoussectionthe costsaregenerallyso high thatMRCI
gradientsarenot yet a generapracticalalternativeof CASSCFone

In the presenarticle, we presena derivationof the analyticgradientdor second-order
MC-QDPT. Although we presented a derivation of the andytic gradent in a previous
publicatiort!, alimitation wasput onthe derivation thatthe setof refererce functionsbe
identicd to that of the (state-averaged CASSCF wave functions.  This setting of refer-
ence functions is often not the case. For example, we use one of the stae-averaged
CASSCF functions as reference, or we use molecular orbitas obtained with a singlet
CASSCF cdculation for triplet states. In the present aticle, the gradent method is
extendedo moregenerakeferencesettings.

Severd methods have been deve oped for the derivation of efficient formulas for the
gradent and higher-order energy derivatives for molecular wave functions. In the mid
1980s,HandyandSchaefeproposedamethodnow calledthe Z-vectormethod?, designed
to avoid solving time-consuming coupled-perturbed (CP) equaions, such as the CP
Hartree-Fock (CPHF) eguation, in computing gradients of configuration interaction (Cl)
enegies. The Lagrange multiplier method in the response function formaism®, deve-
opedby Jergensenielgakerandtheirco-workersextendsheapplicabilityof theZ-vector
methodto anyorderof energyderivatives. Thismethodminimizesthenumberof coupled
perturbecequationsn asystematiovay,andderivegheformulasthatautomaticallysatisfy
the (2n+1) rule* for the perturbaion (nudear dsplacements). Moreover, with this
methodonecanalsosystematicallyireatmanyconstrainingconditions.

In the response function formaism derivation for configuration interaction, coupled
cluster, and Maller-Plesset perturbation methods, the second-quantization formaism, as
wel| as the unitary exponentia forms for parameter rd axation in the OMO (orthonormd
molecular orbitd) basis, proved to be a useful way to express the energy and the



constrainingequationgor theMO andCl coefficient$®**>.  This formalismavoidsusing
redundant parameters, and results in simple formulas for vaiaiond (and some nonvaria
tiona) wave function methods for which the energy expressions are rdaivey simple
However, for the nonvariaiond MC-QDPT method, the energy expression is more
complex, so the second-quantization formaism for parameter rdaxation complicates,
ratherthansimplifies, thederivation. Thereforet is not usedin our derivation.

The contents of the present atide is as follows. In Section 2, the Lagrangian
multiplier method in the response function formdism is briefly reviewed  In Section 3
the MC-QDPT Lagrangian is dffined  In Section 4 the linear equations for determining
the Lagrangian multipliers, which are necessary for the gradent cadculaion usedin laer
sections, are derived.  In Section 5 the method used to obtain the gradents is di scussed
In Section 6 the derivation of gradents is repested for the conventional QDPT.  Condu-
sionsaregivenin Section?.

2 Lagrange multiplier method

We review very briefly the Lagrange multiplier method used in the present atice  The
detailsof the methodhavebeendescribectlsewher¥.
TheLagrangiaris definedby

L(X,{,C) =W(X,C)+{&(X,C), 4
where X is anudear coordnae, C represents the molecular orbitd, configuration interac-
tion coefficents and other parameters, W is the energy, e represents constraints on the
paraneters C, and ¢ is the Lagrangian multiplier. The parameter C in Eq (4) is ogter-
minedby

e(X,C)=0. (5)
On the other hand, { is abitrary since e(X,C) isidenticdly zero in Eq (4). Thus, we
may place any constraining condtion on { . In the response function formdism, { is

determinedsuchthatthefirst derivativeof the Lagrangiarwith respecto the Cs is zero,
i = ﬁ + Z ﬁ =0. (6)
oC oC ocC
DifferentiatingEqs.(5) and(6) with respecto X, we obtainthe equationgor determining
the derivativesof C,

dﬂ

lene:O (n=0,1,2,--), (7
andthosefor determiningthe derivative of ¢,
d" oW aeg
—gL+ —0=0 (n=0,1,2,---). 8
dx" HoC ¢ oC ( . ) ®
Eq.(7) leadsto
e=0, )
do-dCoe, e, (10)
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Using Egs. (9) (13),the derlvatlvesof the Lagrangiarwith respecto X,
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d’L 0 dC o d*C [PW de
— = +— W+ + —@
dx? Efx dX aC ( +le) ax2 Hac ¢ ac
+d Ze 2dZ de
dx? dX dx’
3 3
d_gzga%ﬁdea (W Z) dEgWJJ@%
dX X dX aC dXx* OoC oC
d°C d Z% dZe 3d { de
dX2 dx ocO dx® dXx?® dXx
3dZ dC 9
dX CoX dX ac
d“L= .
dx* ’
reduceto morecompactorms,
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of Lagrangemultipliers d{/dX arenecessary. Thegradient®f energyWw maybewritten
in terms of only the zeroth derivative paameters C, the zeroth derivative multipliers ¢
determinedy Eq. (18), andthefirst derivativemolecularintegrals.

3 MC-QDPT Lagrangian

In this section we derive the Lagrangian of second-order MC-QDPT. Our previous

derivatiort! containedlimitation thatreferencéunctionsbeidenticato thestateaveraged
CASSCFfunctions. Thislimitation is, howevertoostrong. In fact,it is notthecase
in someapplications. Forexamplejn anexcitedstatecalculationmoleculaorbitalsare
often determined with state-averaged CASSCF to avoid the convergence dfficulty with

exdted states and some of the solutions are used as reference functions in perturbation

calculationwhilein triplet statecalculationsthe molecularworbitalsoptimizedfor singlet
states aeemployed The Lagrangian in this section is more generd than previous one

(reference 11): the reference functions are solutions of some ClI Hamiltonian that are

independent of the state-averaged CASSCF functions.  This makes computation a little

complicatedput doesnot give riseto a seriouddifficulty.

3.1 The MC-QDPT energy expression to the second order

TheeffectiveHamiltonianto secondrderin MC-QDPT s giverf by

(Ka),, = (alle) 285 CETE oo - g @)
where {|1)} isthe set of dl singly and doubly excited configurations from the reference
configurations in the complete active space (CAS). (Eq (22) is equivdent to Eq (3).)
Thereferencdunctions|a) and| B) areCAS-Cleigenfunctionsandthenotationa « S
meangnterchangex with (8 from thefirst termin curly brackets. Thefirst termonthe

right-hand side (rhs) of Eq (22) is a dagona matrix, dagond &ements of which are the
CAS-Cl enagies. If we use the eigenvectors {D,} of the effective Hamiltonian and

substitutethe second-quantizeoperator,
1
V= Z (hpq - gpapq)qu + E Z (pq | r.S)qu,rs
pq pars 23)
1 (
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]
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the energyexpressionV is givenby
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In Eq.(24),B referso a configuratiorstatefunction (CSF)in the referencevavefunction,
R;(B) ae CAS-CI codfficients for CSF B in reference state 3, E,, is a unitary group

genestor,

+Z(IOG!IrS)(eIVICI)Jrl (pa|rb)(aq|bs)

)
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qu = z aggaqa , (25)
o=a,B
and
qu,rs = qu Ers - 5qr Eps = Z a;aa:a’ aSG’aqo ’ (26)

qu,rs,tu = qu,rsEut - 6qt Epu,rs - 65( qu,ru = Z a;oa:a’ attf”aua” a'sa'aqo : (27)

g, aeorbitd energies.  Active orbitas areindcaed by theindcesp, g 1, s, t, u, while
the externa (virtud) orbitds are indcated by indces e, f. The symbol (a, b) in the
summationin thethird termin the curly bracketmeanghata andb run overbothactive
and externd orbitds, but that a and b cannot both be externa orbitds simultaneously.
AE;, is thedifferencebetweerthe energief the zeroth-ordestatea andCSF B,
AE,, =EY -E©. (28)

In the present article we employ an energy formula omitting for simplicity the doubly
occupied orbitds.  Whileit is straightforward to indude these in practice, they unneces-
sarily complicatethe derivation.

3.2 The constraining conditions for determining the parameters

Thecalculationof MC-QDPT energieasfour steps:

() the determinatiorof molecularorbitals,

(ii) the determinatiorof the referenceCAS-Cl wavefunctions,

(i) the constructiorof the effectiveHamiltonian,and

(iv) the diagonalizatiorof the effectiveHamiltonian.

In Steps (i), (i), and (iv) parameters (molecular orbitd coefficients, CAS-CI codfficients
andCAS-Clenergiesandeigenvectoof the effecive Hamiltonianandthetotal energy)are



oefined  The equation determining the parameters are used as constraining condtions in
the Lagrangemultiplier method. In this subsectiorwe list thesecondtions.

3.2.1 Determination of molecular orbitals

Themolecularorbitalsaredeterminediniquely by (1) state-averageBASSCFequations,
and(2) the orbitalcanonicalizatiorconditionwith (3)the orthonormalkonditionassumed
implicitly.

(1) The state-averageBASSCFequations

Thevariationalconditionfor the ClI coefficientsis the secularequation,

)3 (Heo = 30oE**(v))Co(v) = 0 and Z Ci(y)=1. (29)
D

andthatfor the MO coefficientsis asymmetryconditionon the matrix x,,,
Xpg = Xgp» (30)

where X, is definedby
Xpg = 3 WE(Y)Xq(y)
y
(31)

0
=y WCAS(V)EZ hy (v [Eqly) + Z (P ik [l Vg
(W?S(y): theaveragaveightof the yth state; |y) = Z oN(%[))

Note tha the Cl coefficients obtained through these equation as well as the following
conditions(2) and(3) areindependentf thereference CI coefficients.

(2) Theorbital canonicalizatiorcondition

Following theCASSCFoptimization,canonicalizatiomemovesherotationaffreedonof
the CASSCForbitalswithin the doublyoccupiedactive,andexternalorbitd subspaces.
For the doublyocaupied,active,andexternaldiagonalblock (D),

F =(PIhla)+ > DZ¥[(palrs)-(prisq)/2]=0 (p>qUD), (32)

where DY is a averageane-particledensitymatrix for the CASSCF states,
DI® =5 W' (y )y [Edly)- (33)
y

(3) Theorthonormalizatiorconditionfor the molecularorbitals
Theorthonormalitycondition,

(pla)=9,,  (pz20), (34)
is assumed implicitly for the molecular orbitds. It must beincluded in the Lagrangian
explicitly.

3.2.2 Determination of the reference functions

After thedeterminatiorof the MOs, theyarethenusedto setreferencéunctions. TheCl
coefficients of the reference functions are determined by the CAS-CI equation and the



normalzationcondtion,
Y (Hue = 0:6E™ (a))Rs(a) =0 and ' Ri(@) =1. (35)
B A

We do not put the limitation that the set of reference functions is not identica to that of
CASSCF functions as mentioned aove. Thus Egs. (29) and (35) ae trested as
indepement conditions.

3.2.3 Definition of the orbital energies
Using the averageane-particledensityfor the referencdunctions,
D = Z W (a|E |a), (36)
(W (a): the averageveightof the ath state; |a) = z R.(a)A))
A
(notethatnot the CASSCFdensity D*), the orbital energiesarecomputedoy
&, =(plhIp)+ S DT [(pplrs) - (pr Isp)/2]. (37)

This definitionof orbitalenergiess alsousedastheconstrainingonditionfor parameters

€y

3.24 The diagonalization condition of the effective Hamiltonian

In the last step of the MC-QDPT cdculdion, d&ter the construction of the efective
Hamiltonian,we diagonalizet to obtaintheenergyof thetargetstate. This conditionis
expressedy

Z{(Keﬁ)aﬂ —6aﬁE} D, =0 and § D] =1 (38)

Thetotd energy E is aparameter constrained by the above equations.  Note that E is a
parameter tha aises from the dagondization condtion, while W (see Eq (24)) is a
functionof the parameterandnuclearcoadinates.

3.2.5 The definition of some auxiliary parameters

Now dl the parameters that gppear in the energy expression, Eq (24), is dfined  We
furtherintroducethe following auxiliary parameters:

U = (PIN1G) = 3 G,y (1] D[ V)
v

(39)
=(plvia) (p#aq),
Gogs = (PAITS) = > CCqCirCos (V| 0O). (40)
and
DE,, = 3 {(BIE,IB) - (a[E,|a)}e, . (41)

p
These equations may then be used as constraining condtions that determine the parame-
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ters u and AEg,.

pq? gqus’

3.3 The MC-QDPT Lagrangian

Using theenergyexpressiorkq.(24)andtheconstrainingonditionslistedin theprevious
subsectionyve maywrite the Lagrangian,

L= Z D, DB / S D;
Z ZCASCI @Z co 5CD ECAS(V))CD(V)E-'— z ZgAS,E %‘ Z CLZ:(V)E
+ ZZCASMO( )

p>qLI0

> CEkodpInia)+ Y OF(palrs - (pr /2L
+zzs {(p|q)—6pq}

+3 G Y (Huo = 0uE™ (@) Ru(a)+ 3 Ciare - Y Ri@IE

* %ZSEE(pIhI p)+g D [(pplrs) - (pr Isp)/2]-€pE

¥ ZZE%Z’(KQUB —%E]Dﬂqu%_z Dﬁ[

vy Ez[B|E,,p|B> (alE lale, AEB,,E
+zzup‘*{(p|h|q)—upq} X (CCIIORI MY

pars
(42)
The energy expression W is now expressed only in terms of the molecular orbita coeffi-
cients,(CAS-)Cl coefficients, u,,, d,,s €tc.,butnotexplicitly in termsof themolecular

integrals. In otherwords,it doesnot dependn the nuclearcoordinatexplicitly.

4 The linear equations for the Lagrange multipliers

Thefirst stepof thegradientcalculationis to solvethe linearequatiorfor determininghe
Lagrangiarmultipliers {s,
MW_o o W,z%®_p (43)
ocC oC ocC

This may be decoupled into eight sets of equations corresponding to the step-wise wave
functiondeterminatiordescrbedin Subsection3.2.
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4.1 The multipliers for diagonalization of the effective Hamiltonian

Since the efective Hamiltonian is dagondized exactly, the energy is stationary with
respecto changesn all D,,

dW/dD, =0 and dW/0E =0. (44)
Thesolutionsfor thesdinearequationsareclearly
{¢ =0 and {, =0. (45)

4.2 The multipliers for the one- and two-electron integrals

The multipliers for the one- and two-€ ectron integras are obtained with simple partid
differentiationas

=W/du,, =5 Di{alEqla)+ 2d}”, (46)

Zade M/dgabcd __Z D; <a|Eabcd|a>+2Dabcd’ (47)

wherethefirst termson the rhsof Eqgs.(46) and(47) aretheone-andtwo-electrordensity
for the zeroth-plus first-orderenergy respectivelyand da"x(Z) and DZ,Y(C: indicatetheone-
andtwo-electrordensitiesn the MO basisfor the second-ordeenergy,

d;ﬁ(Z) :(%/\/(2)/(%'I
00 Ugq + UpeOes0
——ZD D, 1 2 (aIEa|BIRy 3 == = iy VYR
Ba
30 Jecrs (48)

-S{alE.|B pa e
p%é Bl >RB’3%£ —g,+€ —& +AE,,

U
VY e e tnE. Gfale o ﬁ)g

£~ &, DBy, [
and
(2)
Doy =W/ dgabcd
O U062 00, 0,0y
a E pe~ea™~qgb
Z ﬁD_pq,ZsB B >R8ﬁg£e—eq+er—es+AEBa
Z 5paéebdrcésdueq
£, — &, + A,
6p35a b5 5bdga’qb’s + gpa’rb 6aa5qb5 5 O
0
2 &5 £, — &, TE, —E TAE, 8
0..0.0..0.,9. +9.0:0:0.,0..0 B
+ aE B pa~eb™rc™ sd Jeqtu pers~ea~gb~tc~ud -
q;B | pa, I’Slu| >RBBZ ge _gq + gt — 8 +AEBU ( ﬁ)%
(49)
respectively.

To simplify subsequent equations, it is convenient to employ the symmetrized effec-
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tive densities:
=) 1 =26 g2
dab < E(dab + dba ) ) (50)
@ 1 @ @ @ E@ E@ E®@ E® @
Dabcd - g(Dabcd + Dabdc + Dbacd + Dbadc + Dcdab + Dcdba + Ddcab + Ddcba)' (51)

4.3 The multipliers for the definition of energy shift

Theeouationfor obtainingthe multipliers for the energyshifts AE;,,
oL/dNE,, =0 (52)
is easilyreducedo aformulathatgivesthe multipliers directly,
s = OW/INE,,

=§ZDaDﬁ§z<alquIB>RB(B>z R (a B
al @q,B e (Ee Sq +AEBO{) E
+(2- + 3-body term
(53)

The two- and three-body terms in Eqg (53) are readly derived by andogy to the one-body
term, since d/dAE,, operate®nly ontheenergydenominatorg theLagrangian. The
structureof thecreation-annihilatiooperatorss the sameasthatfor theenergyexpression
Eq. (24),sothatthecomputations performedusingthesameapproactasfor theeffective
Hamiltonian.

4.4 The multipliers for the orbital energies

The multipliers for AE;, ae agan given by patid dfferentiation of the energy expres-
sion,
Ajo, =0 « (& =% X[(BIE,|B)~(alE,|a)|+ow/de,.  (54)
Ba

As noted above for the multipliers for AEg,, the secondterm in Eq (54) has the same

creation-annihilatiooperatostructureastheeffectiveHamiltonian sothatthecalculation
is againstraightfaward,

1
W/de, = Z D, D,

x grz<a|qu| BIR,(D)S (Or —6me)( et (55)

2
£, — £, + AEg,)

+(a o [3)%(2- + 3-body term$

4.5 Thelinear equations for the multipliers for the CI coefficients of the reference

13



functions

Unlike the aove multipliers, the multipliers for the Cl coeficients of the reference
functions /& , andthereferenceenergies{ .. . aredeterminedby N independergetsof

linearequationgN is the numberof thereferencestates),
RO (amsa
Equation(56) may bewrittenin matrix form as,
g\REF,REF AREF,E |:I](REF,CI D_ H)REF,CI [
Ag rer 0 %XREF,E E_ E 0 '
for eacha. Thenonzergpartsof the coefficientmatrix A andthe vectorb aregivenby

(57)

AgFY,BFgEF = H BA - 6BAEREF (a) ’ (58)
Aé’F’“E =-2R,(a), (59)
REF = _RB(G) (60)
and
bRAgF,CI = _WREF (a) Z ZOpE z a |E + Esr | A> pprs

rs ’ 61
+2R (a)E“)) Z ¥ - 0W/dR,(a) (61)

where

OW/AR, (a) = 2D2E™" (a)R (a)

4D, ZDﬁ[rz (BEAAY EILEQAHB - a)%

+(2- + 3-body term
(62)
The dmension of the linear equations for eech a is the dmension of the reference CAS-
Cl spaceplusone.

4.6 Themultipliersfor the M Orotations inthe invariant doubly occupied and exter-
nal orbital subspaces

Themultipliers for theorbital rotationsin the doubly occupiedandexternalsubspaceare
obtainedrrom thefollowing equation,

(9/U,, - 3/U,,)L=0 (a>bDOdoc,ext), (63)
where

€ (X) =Y Cn(X6)Ups - (64)

Weuse U,; rather than molecular coefficients themselves as in the conventiona energy
derivativemethods. Eg.(63)is written as

14



Sas, oA = b (a>b Odoc, ext) (65)

p>qLD

where
AP = £, (5,04 + By ) + 23 Df*Pe (@ - b)
(66)
= (82~ €,)00
asthe matrix elementsand
b* = Sg (e § XER() 425 LS DR
‘ (67)

) O
23 2, +43 32 k)~ (a - DD

asthevectorelements. P, arethe Roothaan-Bagusupermatrixntegrals®

Pors = (PA[rs) = (pr | as)/4 - (ps|ra)/4. (68)
Since the coefficient matrix is dagond for doubly occupied and externd subspaces, the
{&suo for the doublyoccupiedandexternalsubspacesanbe determinedvithouthaving

to solvelinearequations,
{&smo =bu /(€. - &) (a>b Odoc, ext) (69)

4.7 Thelinear equations for the multipliers for the M O rotationsand the CI coeffi-
cients of the CASSCF functions

The remaining multipliers for the orbita rotation mixing and the multipliers for the CI
coefficents are obtained by solving coupled linear equations correspondng to the state-
averaged CASSCF equaion.  Thedmension of these linear equétions is large, so thar
solutionrepresentthe mosttime-consumingpartof the problem:

B(&/au -d/aU,)L=0 (a>b0O,act)

[PL/ACc(y) =0 , (70)

HL/E“S(y) =0
where a>b 0O means tha orbitas a and b are in dfferent orbita subspaces (doubly
occupiedactive,or external). Equation(70) may bewrittenin matrix form as,

O,act O,act
@‘ MO,MO A MO,CI O |:Ij(CAS MO O |:bCAS MO C

D Cl,MO ACI,CI CI E CASCI CASCI (71)
%A 0 AE,CI CASE % %
Thecoefficientmatrix A consistsof six nonzergparts,
o Howka Yo = (P~ @) =@ D) (p>a00)
Avowmo = a = 5b)6pa ot 22 (DCASquIa DCASquIb) (p >q Dact))’ (72)
vod = Z Xs Co(y)—(a  b), (73)
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(a>b OO0, act)
()Y Co)(X - %e) (p>a00)

Cy.pq —
1,MO ﬁNCAS(y)Z <y|Ers + ES|’|C>qurs (p >q Dact)’ (74)
I8 =[Hoe = 8ocE“*(1)[0,s. (75)
e = =2C.(y)0,5, (76)
AI}E/,CI ==C5 (V)5 (77)
where X}® and Y, aredefinedby
Xoe =S (I )[(AIE,| B) +(BIE,| A)
' (78)

+> (P 1IK[(AIE, 118+ (BIE, / A)

1

quab = z WCAS(y)quab(y)
= szAS(y)E(plh |a)(y[Euly)+ > [(Palm)ly[Egmly)  (79)

(1 any Bl ) + (P 2y Eqe] V)]

Thevectorb ontherhsof Eq.(71) hastwo nonzeroparts,

bgl/is MO EZ ZOE %5bp Fap + 22 DREF Pppla

a0+ BuFp +2 DI R
oot CASMOE% 1+ OuFie 22 Do P (80)

+Y (o § XER(@) 425 LU, +43 zg“’m | ka)

(@~ b)D
O

and
bg/:/s,o = _WCAS(V) Z gf\s,Mo z <y|Ers +E |C> pars * (81)

p>qldoc,ext rs

4.8 The multipliers for the MO orthonormalization conditions

Thefinal stepin solvingthelinearequationgor themultipliersis thecomputatiorof the
multipliers for the orthonormalityconditionsof the orbitals,

(6/0u,, +0/aU,,)L =0, (a=b) (82)
whichis written as
(@ =-2(1+6,) & (83)
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The &, aeobtaned by changing the sign with respect to interchange of a with b from
minusto plusin Subsectiong.6-7 andcollectingthem,

z ZZCASCI z Xg Coly) + ZZCASMO(prXaq + Yoo — (P < Q))

p>qLO

CASMO Eéb F +9, Fap + 22 DCASquIa

p>qEID

+z ZOE %@)p l:ap + 22 DCASPppla
. ) O
vY Y Gy XER(@) + 205 L, + 23 81 )
] 1]

(a © b)
(84)

5 Molecular energy gradient

The Lagrangian multipliers obtainedin the previous section may now be combined with

the molecularintegralsto computethe molecularenergygradients:

%_M Z@:Z_
dX oXx oX dx
oH

ZZCASCI Moo C zZCASCI z 0;28 Re(a)
d oF

pq — pq pq
+ z CAS,MO dX (qu qu) + z ZCAS,MO dX
p>qLO p>qLD

¥ ZZSEiE(pIhI p)+ Z D [(pprs) - (pr Isp)/Z]%
+24WDM)+ZZWDWM)+Zmem$)

p=q pars

-Zdemm>+depm>+zDW%mn9

pars

(85)
where (p|h|q)*, (p|a)*, and (pq|rs)* aretransformedierivativeintegralsn theMO
basis

(PI" = 3 € e (41 (86)
(pIhle)* = z%mwwmm )
(PAITS = 5 G000 - (V] 000, (@9

uvpo

and d?, d{, and D}* are dfective densities for the Lagrangian in the MO basis.
Thesedensitiesaregiven by
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dpq = z ZZCASCI C|qu|y + Z ZZREF CI<A|qu|a>
+ z ZCASMoszAS(w( SV [Ely) =@ = )+ (89)

i>][0

Z5  (p=q) O
[
+%CASMO p>qDD)D

H (otherwisg H

az' =2, (%0)

and

Dgpqu - Z ZcASCI <C|qu rs| y /2 + z z ZREF Cl <A|qu,rs| a>/2
+ z ZCASMoszASm( oV [Equel V)= (i = 1)

>0

+y CASMO(é 5,D%° - 5,5,D5"° /2

q1 rs q qr
i>J][D

+Y Cbe(6,6,D5 - 5,8,05 /2)

+Z£§qu3 .

(91)

Thesearetransformedbackinto theatomicorbital (AO) basis andtheenergygradientsnay
be obtainedby multiplying thedensitiesn the AO basisby thefirst-derivativeintegrals,

dL_ 1% v vVpo d
&-Zd“ —(HIhIV) Zd“ —(/JIV) > D§” ax KV 1po).

Hvpo

(92)

Thefollowing is asummaryof the computationakteps:

Sep 1l Determinatiorof the energyof thetargetstate

(a) Computethe (state-averaged}JASSCFwavefunctions.

(b) Canonicalizahe CASSCFMOs andtransformthe integralsto the MO basis.

(c) Compute the reference functions for the canonica Fock MOs by solving CAS-CI
(Theactivespacds not necessarilghe sameas(a).).

(d Compute the MC-QDPT effective Hamiltonian and obtain the fina energy by d-
agonalring it.

Sep 2 Determinatiorof the Lagrangemultipliers

(@ Compute the multipliersd, , {,, §,, {,, ad {, inorder. Theseae simply
obtainedwith partialdifferentiations.

(b) Solvelinearequationdor themultipliers { .. , and § . ¢ for eachreferencetate.

(c) Compute the multipliers {50 for the doubly occupied and externa orbita sub-

space.
(d) Solvethelinearequatiorfor the ... andtheremainingpartof the s yo-
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(e) Computethe {..

Step 3 Evaluationof energygradients

(& Compute the effective densities of the Lagrangian for the overlgp, one-, and two-
electronintegralson the MO basis.

(b) Transformthe densitiedbackto the AO basis.

(©) Multiply the densities and the derivative integrds to obtain the gradent, which is
loopedoverall the nuclearcoordinates.

6 Conventional quasidegenerate perturbation theory (QDPT) case

We could extend the dscussions in Sections 3 to 5 to the conventiona quasidegenerate
perturbatiortheory(QDPT) casethatconstructsneffectiveHamiltonianin theCSF basis,
with aslight modificationof theMC-QDPT Lagrangian. Howeverwedonotadoptsuch
aline, sincethe generd formulas derived in such away are so complicated that the codes
becomanefficient. IntheMC-QDPTcasethedimensiorof theeffectiveHamiltonianis
usudly smdl ( [120) even for alarge CAS, whilein the conventiond QDPT case, the
dmension is equd to tha of CAS. Accordngly, the dgorithms of the MC- and
conventionaQDPTsarequite differentfromeachother. Thuswepresentheformulafor
gradientf the conventionaQDPT separatelyn this section.

6.1 The QDPT molecular gradients

Theenergyexpressioftq. (24)in Section3.1 reduceso theconventionaQDPToneif we
set referencdunctions(|a)) asbeingall the CSFsin theCAS. Someparametertake
definitevaluesin thatcase,
R.(a) =1, (93)
AE;, =0. (94)

In this sectionwetreatthecasethatthe molecularorbitalsaredeterminedy restricted
(open-or closed-shellHartree-Foclequationandorbital energiesaredefinedby theOPT1
scheme®™®.  In this case the CASSCF optimizaion of molecular orbitds and the
canonicéization schemeareapplicable:

Xog = Xop (p >q DO)’ (95)
(g = 3 105"+ (pi111)D55) (96)
I ]

F =(PIhla)+ > D [(palrs)-(prisa)/2]=0 (p>qOD)  (97)

rs

where D" and Dj}; indcate the one- and two-particle Hartree-Fock density matrices
definedby
[PS; (i: doubly occupiey
v ~ 0 S :
D;" =(HF|E;|HF) =5,(HF|E,|HF) =3, (i: singly occupiejl  (98)
D (i: virtual)
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and

D%\ = D" Dy" -9, D" =9,0,D;" Dy —9,0,D;". (99)
ThesymbolD standgor thedoubly occupiedsingly occupied andvirtual diagonablocks
andthe symbol O for the off-diagonalblock. TheCl equationEgs.(29) vanishes.

Using theseequationswe obtainthe QDPT Lagrangian,

L= Z /z D2
+ zzHFMo( Xep)

p>qLI0

* 3 ZltuotpInla)+ 3 D(palrs) - (orIs/2]"

p>qLD

+y g {(p|q)—6pq}

p=q

+ZZOEE(pIh|p)+ZD [(pprs) = (pr |sp)/2] - g%

+ ZZQQZ’(KG“)"B —éaﬁE]Dﬂ EM@— ) D§E

+5 2Pl =} + 5 2 (PA1r9) -~ G}

pars
(100)
The multipliers §, {,, §,, ad {,. ae determined in the same manner as the

MC-QDPT case:

{¢ =0 and {, =0, (101)
=W/du,, =5 Di{alEq|a)+ 2dy”, (102)
Zade OW/ Y, :_ZD <a|Eabcd|a>+2Dabcd’ (103)
and
= (5?\N/o"asp

=33 0.0, (@IELB)Y (51 =Gy 4 (et o
A e (e.~<.) E
+(2- + 3-body term
(104)
Themultipliers for the orbital rotationsn the doublyoccupiedsingly occupiedand

virtual subspaceareobtainedrrom the following equation,

(9/u,, -9/aU,,)L=0 (a>bOD), (105)
This is written as
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ZI{jllle:,MO = _%—:,E;ZBEZ D ||]a + ZZ” ia +2;ngb(” |ka)

U
-(a - b)[g
U

(106)

(a>b0D)
One dfference from the MC-QDPT case is tha the multipliers are given for dl three
dagond blocks (doubly occupied, singly occupied, and virtud orbitd blocks, which
correspond to doubly occupied, active, and externd orbita blocks, respectivey, in the
CASSCFcase).
Themultipliersfor theorbitalrotationmixing amongdifferentsubspaceareobtained
by solving alinearequation,

(0/Uy, -9/, )L=0 (a>bDO). (107)
This may bewrittenin matrix form as
AMO,MOXaF,MO = bcH)F,MO' (108)
The coefficientmatrix A is givenby
> = (GopXag + Yoo = (P = @) = (@ = b), (109)
where
« =(PIhla)Dy + Z[ pa|mn)Dg.,, +(pm|an)D;r
(110)
HF
+( pm | an)qu nb]
andthevectorb
ab — ' HF
bHF,MO - _%22 Z (6prap + D Pppba)
p
oqFop + 22 DiF = (111)
p)qDD HF MOEéb pplaE

*222:,bu.a+4 2 (ij [ ka) - (@ - b>g

Finally themultlpllers forthe orthonormalty conditionof theorbitalsareobtainedas

(& =-21+38,) & (112)
where

ZZHF MO( bpXaq quab_(p © Q))

p>qLI0

+0,. F +22D

HF MO gbp aq bg' ap
p>qDD

_ . U
+ ZZOE% bp ap + ZZ Di|t-3”: quiag-'- 2 Ztljbuia + ZZ ngb(” | ka)E
] | 1

+(a o b).

q|a
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(113)
The obtained Lagrangian multipliers may now be combined with the molecular

integralsto computethe molecularenergygradients:
d_ow e _, %
dX oX oX oX
Pa d

= —~ (x =-x pg pg
HEMO gy \"Pa op HF.MO ™ 5y
p>qLO p>qLD

¥ ZZSEiE(pIhI p)+ Z D [(pplrs) - (pr Isp)/Z]E
+Zfs"‘*(p|q) =3 APIVIT 5 & (palrs)”

p=q pars
= Zd"q(plhlq) + zd"q(plq) +> Dg™(palrs)”,

) (114)
dy, d&f, and D™ areeffectivedensitiegor theLagrangiarin theMO basis. Theyare
givenby

L 5 (p = CI) g
47 = 3 ero(8,00F — (i o D)+ + X0 (p>a0D)T  (115)
T HD (otherwisgH

dit =78, (116)

Dgpqrs = Z ZHF MOZ( pi DJHqFrS_(I < J))

i>]T0

+5 O Mo(6 8,0 -5,5,D:" /2)

and

v o (117)
+Y ¢be(6,6,D5F ~5,8,0.7 /2)
+z'gpqm.

These densities are transformed back into the aomic orbitd (AO) basis, and the energy
gradents may be obtained by multiplying the densities in the AO basis by the first-
derivativeintegralsasin the MC-QDPT case

do _ d
d“”— h d“”— DX? — (uv | po).
o 2O G WIS A e uiv)+ 5 D e (v po)

(118)
Theformulasin this sectiorarefurtherreducibleusingEqgs.(98)and(99). However,
they are remaned as they areto mantain the similaity to the formulas in the previous
sections.

6.2 An example calculation: methylene CH,

As an example gpplication of the energy gradent method of the conventiond QDPT, we
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determined the geometries of the ground (1°B, ) and two exdited (1'A, and 1'B,) states of
methyleneCH,. Thesestateshavethefollowing main configuraions:

A0 (la)’(28)°(1b)*(3a,)°(1b,)° - HF

1’8, 0 (la)*(2a)*(1b,)*(38,)"(1b,)" - 34, - 1b,

18,0 (1a)°(2a,)*(1b)"(3a)' (b,)" - 3a - 1b,.

ThebasissetusedareDunnings correlatiorconsistenvalencedoublezeta(cc-pVDZ)
sa’.  The dosed shel Hatree-Fock orbitds, correspondng to 1'A, state, were used for
all thestates. Theactivespacavasoneconstructedby distributingeightelectrongo five
orbitals,CAS(8e,50).

Results are shown in Teble 1. Interndly contracted multireference configuration
interaction (MRCI)® results are dso given in the table for comparison. (The orbitds are
optimizedwith CASSCFfor eachstate.) ThegeometriesisingMRCI weredetermined
with anon-gradent numericd optimization method The ground and first excited state
structuref QDPT arein very goodagreementvith thoseof MRCI. Thedeviationsn
bond length and bond angle are within 0.01 A and 1 degres, respectively, in both staes.
Theadiabatie@xcitationenergyusing QDPTis 15.31kcal/mol, whichis somewhalarger
thanthatusingMRCI, 11.74kcal/mol. For1'B, statethestructureusingQDPTis also
closeto thatobtainedusingMRCI. Thedeviationsfrom the MRCI valuesare0.006A
and3.4 degrees. TheexcitationenergyusingQDPT is almostequalto the MRCI value.
In Table 1 the excitaion energies to thefirst order (reference space Cl) computed & the
QDPT optimized structures are dso shown. For the 1'A, state the excitation energy
computeds toosmall, 0.47 kcal/mol,andfor 1'B, stateit is alsosmall, 35.89kcal/mol,
which indicateshat a second-ordegperturbatiortreatmenis essentiafor thesestates.

Table 1: Optimizedgeometriesandadiabaticexcitationenergiesn CH,.

r(C-H) (A) OHCH (degree) AE (kcal/mol)

1B,

QDPT 1.090 131.4 —

MRCI 1.092 131.9 -
1A,

QDPT 1.119 101.7 15.31

MRCI 1.124 101.0 11.74

Cl(8e,50) (1.119) (101.7) 0.47

HF 1.107 102.7 —
1'B,

QDPT 1.083 144.0 38.94

MRCI 1.089 140.6 38.54

Cl(8e,50) (1.083) (144.0) 35.89
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Notethattheprogramusedo computeéhenumbersn this sections apreliminaryone,
codedn early1990s.

7 Concluding remarks

We have derived an andytic expression for the andytic energy gradents for MC-QDPT
using the Lagrange multiplier method  With this method, we can obtan gradents
without solving coupledperturbecequations. Insteadjt is necessaryo solveeightsets
of linearequationgor themultipliers. Six of theeightequationseduceso simplepartial
dfferentid forms that drectly give the multipliers, and only the remaning two are large
scalelinearequationghatneediterativeprocedure. Thegradientsaregivenastheproduct
of the first deivaive integrds and the effective density that depends the obtaned
multipliersandthe parameters.

The terms derived from the second-order energy may be expressed through diagrams.
Since we dd not peform any operaions that change the structure of the crestion-
annihilaion operators in the deivaion, the dagrams do not change from those of the
second-ordeeffectiveHamiltonian. Thus,thesetof (25 Goldstonefliagramausedn the
cdculation of the effective Hamiltonian is gpplicable to the rdevant terms if we adopted
aopropriate rules for transferring adagram to an dgebrac formula  Thisis why we dd
not adopedthe secondjuantizedorm of parameterelaxationwhich introducesnorethan
hundred156) Goldstonediagramdor orbital relaxation.

The grad ent method of the conventional QDPT and some numerical results are adso
presentedthesaverenotincludedin ourpreviouspaper. At presentariousdefinitionof
MOs andtheirenergiesreused. Thepresentagrangians notapplicableo suchgeneral
casessincethe orbitalsarelimitedto theHartree-FockMOs. Howeverthe extensions
readilyfeasibleby changingsometermsin the Lagrangian.

Finally, wenotethatthecodefor the conventionaQDPTgradientsisedn theSection
6, which is an old prdiminary one, is indgpendent of the more powerful code for MC-
QDPT gradientsve arecurrentlydeveloping. Thenewcodewill bereleasedn someab
initio programpackagessAMESS?, HONDO?, andMR2D?,

Acknowledgment

Theauthorswveresupportedy the Grant-in-Aidfor Scientific Researcfrom theMinistry
of EducationScienceSportsandCultureof Japan. TheconventionaQDPTgradienand
MRCI calculationsvereperformedwith KOTO92* andMOLPRO96°, respectively.

Refer ences

1. P. E. Siegbahn, A. Heberg, B. O. Roos, and B. Levy, Physica Scripta, 21, 323
(1980); B. O. Roos, P. R. Taylor, and P. E. Siegbahn, Chem. Phys. 48, 157
(1980);B. O. Roos,Intern.J. QuantumChem.S14, 175(1980).

24



2. K. Ruedenberg and K. R. Sundberg, in Quantum Science, eds. J. L. Cdas, O.
Goscinski,J. LinderbergandY. Ohrn(PlenumPressNew York, 1976)p. 505;L.
M. Cheung, K. R. Sundberg, and K. Ruedenberg, Intern.J. Quantum Chem. 16,
1103(1979).

3. B. H. Brandow,Rev. Mod. Phys.39, 771(1967);l. Lindgren,Intern.J. Quantum
Chem.S12, 33(1978);B. H. Brandow/]ntern.J. QuantunChem.15, 207(1979);
G. HoseandU. Kaldor, J.Phys.B12, 3827(1981);K. F. FreecandM. G. Sheppard,
J. Chem. Phys. 75, 4507, 4525 (1981); H. Primas, Hev. Phys. Acta 34, 331
(1961); B. Kirtman, J. Chem. Phys. 49, 3890 (1968); P. R. Cetan and J. O.
Hirschfelder,J. Chem.Phys.52, 5977(1970; J. O. HirschfelderChem.Phys.Lett.
54,1 (1978).

4. K. Wolinski, H. L. Sellers,andP. Pulay,Chem.Phys.Lett.140, 225 (1987);J.J.
W. McDouall, K. PeasleyandM. A. Robb,Chem.Phys.Lett. 148, 183(1988);
K. AnderssonP. Malmqvist,B. O. Roos A. J. Sadlej K. Wolinski, J. Phys.Chem.
94, 5483 (1990); K. Andersson, P. Mamgqyist, B. O. Roos, J. Chem. Phys. 96,
1218 (1992); R. B. Murphy and R. P. Messmer, Chem. Phys. Lett. 183, 443
(1991);J. Chem.Phys.97, 4170(1992).

5. K. Hirao,Chem.Phys.Lett. 190, 374(1992);196, 397(1992);201, 59(1993);
Intern. J. Quantum Chem. S26, 517 (1992); H. Nakano, M. Yamanishi, and K.
Hirao, Trendsin Chem.Phys.,6, 167 (1997).

6. H. NakanoJ. Chem.Phys.99, 7983(1993);H. Nakano,Chem.Phys.Lett.207,
372(1993).

7. T. TsunedaH. NakanoandK. Hirao, J. Chem.Phys.103, 6520(1995);K. Hirao,
H. Nakano,andT.Hashimoto,Chem.Phys.Lett. 235, 430(1995);H. Nakano,T.
Tsunedg, T. Hashimoto, and K. Hirao, J. Chem. Phys. 104, 2312 (1996); T.
Hashimoto, H. Nakano, and K. Hirao, J. Chem. Phys. 104, 6244 (1996); Y.
KawashimaK. NakayamaH. Nakano,andK. Hirao, Chem.Phys.Lett. 267, 82
(1997);H. NakanoK. NakayamaK. Hirao,andM. Dupuis,J. Chem.Phys.106,
4912(1997);K. Nakayamald. NakanoandK. Hirao,Intern.J. QuantumChem.6 6,
157(1998).

8.Y. Yamaguchiy. Osamura).D. GoddardandH. F. Schaefelll, A NewDimension
to Quantum Chemistry, Analytic Derivative M ethods in Ab Initio M olecular
Electronic Structure Theory (Oxford University Press, Oxford, 1994); P. Pulay,
Adv. Chem. Phys. 69, 241 (1987); P. Pulay, in M odern Electronic Structure
Theory Part I, ed.D. R. Yarkony(World Scientific, Singgpore,1995),p. 1191.

9. S. KatoandK. Morokuma,Chem.Phys.Lett. 65, 19 (1979).

10. M. Page P. Saxe,G.F. AdamsandB. H. Lengsfieldll, J.Chem.Phys.81, 434
(1984);R. ShepardH. Lischka,P. G. Szalay,T. Kovar,andM. Ernzerhof,J. Chem.
Phys.96, 2085(1992);R. Shepardn Modern Electronic Sructure Theory Part
Il, ed.D. R. Yarkony(World Scientific, Singapore1995),p. 345.

25



11. H. NakanoK. Hirao,andM. S. Gordon,J. Chem.Phys.108, 5660(1998).

12.N. C. HandyandH. F. Schaefetll, J. Chem.Phys.81, 5031(1984).

13. T. U. Hdgaker and P. Jergensen, Adv. Quantum Chem. 19, 183 (1988); P.
JorgenserandT. U. HelgakerJ. Chem.Phys.89, 1560(1988).

14.P. Pulay,J. Chem.Phys.7 8, 4043(1983).

15. P. JergenserandJ. Simons,J. Chem.Phys.79, 334(1983);T. U. Helgakeland
J. Alml&f, Intern.J. QuantumChem.26, 275 (1984).

16. C. C. J. RoothaarandP. S. BagusMethodsComput.Phys.2, 47 (1963).

17.J. E. RiceandR. D. Amos, Chem.Phys.Lett. 122, 585(1985).

18. C. W. Murray andE. R. Davidson, Chem. Phys. Lett. 187, 451 (1991); P. M.
KozlowskiandE. R. DavidsonJ. Chem.Phys. 100, 3672(1994).

19.T. H. Dunning,J. Chem.Phys.90, 1007(1989).

20. H. -J.WernerandP. J. Knowles,J. Chem.Phys.89, 5803(1988);P. J. Knowles
andH. -J. Werner,Chem.Phys.Lett. 145, 514 (1988).

21. M. W. Schmid, K. K. Badidge, J. A. Boaz, S. T. Elbet, M. S. Gordon, J. H.
Jensens. Koseki,N. Matsunagak. A. Nguyen,S. Su, T. L. Windus,M. Dupuis,
andJ. A. Montgomery,Jr.,J. Comp.Chem.,14, 1347(1993).

22. M. Dupuis, S. Chin, and A. Marquez, in Relativistic and Electron Correlation
EffectsinM oleculesand Clusters, NATO ASI Series, ed G. L. Mdli (Plenum,
New York, 1992).

23. MR2D Ver. 2, H. Nakano,University of Tokyo, 1995.

24. KOT092,S. ObaraM. HondaH. NakanoF. SakanoS. TakadaY. Miyake,K.
Sato,andT. Nakajima,Kyoto University,1992.

25. MOLPRO is a package of ab initio programs written by H. -J. Werner and P. J.
Knowles,with contributiondrom J. Alml&f, R. D. Amos, M. J. O.DeeganS.T.
Elbert,C. Hampel W. Meyer K. PetersonR. Pitzer,A. J. Stone,P. R. Taylorand
R. Lindh.

26



